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Abstract. We prove a new automorphy lifting theorem for Z-adic representa- 
tions where we impose a new condition at Z, which we call 'potential diagonaliz- 
ability'. This result allows for 'change of weight' and seems to be substantially 
more flexible than previous theorems along the same lines. We derive sev- 
eral applications. For instance we show that any irreducible, odd, essentially 
self-dual, regular, weakly compatible system of Z-adic representations of the 
absolute Galois group of a totally real field is potentially automorphic, and 
hence is pure and its L-function has meromorphic continuation to the whole 
complex plane and satisfies the expected functional equation. 
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2 thomas barnet-lamb, toby gee, david geraghty, and richard taylor 

Introduction. 

Suppose that F and M are number fields, that 5 is a finite set of primes of F and 
that n is a positive integer. By a weakly compatible system of 71-dimensional ^-adic 
representations oi Gp defined over M and unramified outside S we shall mean a 
family of continuous semi-simple representations 

rx-.Gp-^ GLn(Mx), 
where A runs over the finite places of M , with the following properties. 

• If D ^ 5 is a finite place of F, then for all A not dividing the residue charac- 
teristic of V, the representation r\ is unramified at v and the characteristic 
polynomial of rA(Frob„) lies in M[X] and is independent of A. 

• Each representation r\ is de Rham at all places above the residue charac- 
teristic of A, and in fact crystalline at any place v ^ S which divides the 
residue characteristic of A. 

• For each embedding t : F ^ M the r-Hodge-Tate numbers of rx are 
independent of A. 

In this paper we prove the following theorem (see Theorem 15. 3. ip . 

Theorem A. Let {r\} be a weakly compatible system of n- dimensional l-adic rep- 
resentations of Gp defined over M and unramified outside S, where for simplicity 
we assume that M contains the image of each embedding F ^ M . Suppose that 
{rx} satisfies the following properties. 

(1) (Irreducibility) Each r\ is irreducible. 

(2) (Regularity) For each embedding t : F ^ M the representation r\ has n 
distinct T-Hodge-Tate numbers. 

(3) (Odd essential self-duality) F is totally real; and either each r\ factors 
through a map to GSpn{M x) with a totally odd multiplier character; or 
each rx factors through a map to GOn{M x) with a totally even multiplier 
character. Moreover in either case the multiplier characters form a weakly 
compatible system. 

Then there is a finite, Galois, totally real extension over which all the rx 's become 
automorphic. In particular for any embedding i : M ^ <C the partial L-function 
L"^(i{7'a}, s) converges in some right half plane and has meromorphic continuation 
to the whole complex plane. 

This is not the first paper to prove potential automorphy results for compati- 
ble systems of Z-adic representations of dimension greater than 2, see for example 
[HSBTIO] . [BLGHT09) . |BLGG09| . However previous attempts only applied to 
very specific, though well known, examples (e.g. symmetric powers of the Tate 
modules of elliptic curves) and one had to exploit special properties of these exam- 
ples. We believe this is the first general potential automorphy theorem in dimension 
greater than 2, and we are hopeful that it can be applied to many examples. We 
give an analogous theorem when F is an imaginary CM field. Other than this we 
do not see how to improve much on this theorem using current methods. 

As one example application, suppose that /C is a finite set of positive integers such 
that the 2'^'^ possible partial sums of elements of JC are all distinct. For each k G JC 
let fk be an elliptic modular newform of weight A; -1-1 without complex multiplication. 
Then the #/C-fold tensor product of the Z-adic representations associated to the 
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fk is potentially automorphic and the ^/C-fold product L-function for the fk has 
meromorphic continuation to the whole complex plane. (See Corollary 15.3.31 ) 

The proof of Theorem 1X1 follows familiar lines. One works with r\ for one suit- 
ably chosen A. One finds a motive X over some finite Galois totally real extension 
F' / F which realizes the reduction r\ in its mod I cohomology and whose mod /' 
cohomology is induced from a character. One tries to argue that by automorphic 
induction the mod I' cohomology is automorphic over hence by an automorphy 
lifting theorem the Z'-adic cohomology is automorphic over F' , hence tautologically 
the mod I cohomology is automorphic over F' and hence, finally, by another au- 
tomorphy lifting theorem rx is automorphic over F' . To find X one uses a lemma 
of Moret-Bailly |MB89| . |GPR95| and for this one needs a family of motives with 
distinct Hodge numbers, which has large monodromy. Griffiths transversality tells 
us that this will only be possible if the Hodge numbers of the motives are consecu- 
tive (e.g 0, 1, 2, . . . , n — 1). Thus the Z-adic cohomology of X may be automorphic 
of a different weight (infinitesimal character) than r\ and the second automorphy 
lifting theorem needs to incorporate a 'change of weight'. In addition it seems that 
we can in general only expect to find X over an extension F' / F which is highly 
ramified at I. Thus our second automorphy lifting theorem needs to work over a 
base which is highly ramified at I. These two, related problems were the principal 
difficulties we faced. The original higher dimensional automorphy lifting theorems 
(see |CHT08| . |Tay08| ) could handle neither of them. In the ordinary case one of 
us (D.G.) proved an automorphy lifting theorem that uses Hida theory and some 
new local calculations to handle both of these problems (see |Ger09j ). This has 
had important applications, but its applicability is still severely limited because we 
don't know how to prove that many compatible systems of /-adic representations 
are ordinary infinitely often. 

The main innovation of this paper is a new automorphy lifting theorem that 
handles both these problems in significant generality. One of our key ideas is to 
introduce the the notion of a potentially crystalline representation p of the abso- 
lute Galois group of a local field K being potentially diagonalizable: p is potentially 
diagonalizable if there is a finite extension K' / K such that pIgk' ^i'^s on the same 
irreducible component of the universal crystalline lifting ring of 'P\gk' (with fixed 
Hodge- Tate numbers) as a sum of characters lifting 'p\g^,. (We remark that this 
does not depend on the choice of integral model for p.) Ordinary crystalline rep- 
resentations are potentially diagonalizable, as are crystalline representations in the 
Fontaine-Laffaille range (i.e. over an absolutely unramified base and with Hodge- 
Tate numbers in the range [0,^ — 2]). Potential diagonalizability is also preserved 
under restriction to the absolute Galois group of a finite extension. In this sense 
they behave better than 'crystalline representations in the Fontaine-Laffaille range' 
which require the ground field to be absolutely unramified. Finally 'potentially 
diagonalizable' representations are perfectly suited to our method of proving auto- 
morphy lifting theorems that allow for a change of weight. It seems to us to be a 
very interesting question to clarify further the ubiquity of potential diagonalizabil- 
ity. Could every crystalline representation be potentially diagonalizable? (We have 
no reason to believe this, but we know of no counterexample.) 

The following gives an indication of the sort of automorphy lifting theorems we 
are able to prove. (See Theorem 14.2.11 and also section [2Tl for the definition of any 
notation or terminology which may be unfamiliar.) 
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Theorem B. Let F he an imaginary CM field with maximal totally real sub field 
F'^ and let c denote the non-trivial element of Gal {F / F^). Let n denote a positive 
integer. Suppose that I > 2{n + 1) is a prime such that F does not contain a 
primitive l^^ root ofl. Let 

r-.Gp^ GLniQi) 

be a continuous irreducible representation and let r denote the semi- simplification 
of the reduction ofr. Also let 

be a continuous character. Suppose that r and fi enjoy the following properties: 

(1) (Odd essential conjugate-self-duality) r"^ = r^/_t and fj,{cy) = —1 for 
all v\oo. 

(2) (Being unramified almost everywhere) r ramifies at only finitely many 
primes. 

(3) (Potential diagonalizability and regularity) r\Qp^ is potentially diag- 
onalizable (and so in particular potentially crystalline) for all v\l and for 
each embedding t : F ^ Qi it has n distinct r-Hodge-Tate numbers. 

(4) (Irreducibility) The restriction r\Gp^^^^ is irreducible. 

(5) (Residual ordinary automorphy) There is a RAECSDC automorphic 
representation {tt,x) of Ghn{Ap) such that 

{r,-p) = (n,.(7r),n,,(x)e^") 
and TT is i-ordinary. 
Then (r, /i) is automorphic. 

Theorem [E] implies the following potential automorphy theorem for a single l- 
adic representation, from which Theorem \X\ can be deduced. (See Corollary 14.5.21 
and Theorem 15.4. 11 ) 

Theorem C. Suppose that F is a totally real field. Let n be a positive integer and 
let I > 2{n + 1) be a prime. Let 

r-.Gp^ GL„iQi) 

be a continuous representation. We will write r for the semi-simplification of the 
reduction ofr. Suppose that the following conditions are satisfied. 

(1) (Being unramified almost everywhere) r is unramified at all but finitely 
many primes. 

(2) (Odd essential self-duality) Either r maps to GSpn with totally odd 
multiplier or it maps to GO{n) with totally even multiplier. 

(3) (Potential diagonalizability and regularity) r is potentially diagonal- 
izable (and hence potentially crystalline) at each prime v of F above I and 
for each t : F ^ Qi it has n distinct T-Hodge-Tate numbers. 

(4) (Irreducibility) f\Gpf^^^ is irreducible. 

Then we can find a finite Galois totally real extension F' / F such that rjc^, is 
automorphic. Moreover r is part of a weakly compatible system ofl-adic representa- 
tions. (In fact, r is part of a strictly pure compatible system in the sense of section 

mi) 
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This theorem has other apphcations besides Theorem|Al For instance we mention 
the following irreducibility result (see Theorem 15.4. 2p . 

Theorem D. Suppose that F is a CM or totally real field and that n is a regular, 
algebraic, essentially conjugate self-dual, cuspidal automorphic representation of 
GLn{Ap). If TToo has sufficiently regular weight ('extremely regular' in the sense 
of section \2.1\) . then for I in a set of rational primes of Dirichlet density 1 the 
n-dimensional l-adic representations associated to n are irreducible. 

To prove Theorem [B] we employ Harris' tensor product trick (see I HarOQj ) . which 
was first employed in connection with change of weight in [BLGGOQj. However the 
freedom that 'potential diagonalizability' gives us to make highly ramified base 
changes in the non-ordinary case means that this method becomes more powerful. 
More precisely, suppose that r is potentially diagonalizable, and that rg is a po- 
tentially diagonalizable, automorphic lift of r (with possibly different Hodge- Tate 
numbers to r). In fact making a finite soluble base change we can assume they are 
diagonalizable, i.e. we can take K' = K in the definition of potential diagonaliz- 
ability. We choose a cyclic extension M/F of degree n in which each prime above 
I splits completely, and two characters 6 and Oq of Gm such that 

• O^Oo, 

• the restriction of Ind^^^^ to an inertia group at a prime v\l realizes a 
diagonal point on the same component of the universal crystalline lifting 
ring oirlop^ as r\Gp^ , 

• and the restriction of Ind^^ 9o to an inertia group at a prime v\l realizes 
a diagonal point on the same component of the universal crystalline lifting 
ring of r|GF„ as rolcp^- 

Then rg (g) lnd^^^0 is automorphic and has the same reduction as r (X) Indg^^Sg. 
Moreover the restrictions of these two representations to the decomposition group 
at a prime v\l lie on the same component of the universal crystalline lifting ring 
of (r (8) Ind 6*0 ) I Gf„ • This is enough for the usual Taylor-Wiles-Kisin argument 
to prove that r (g) Ind is also automorphic, from which we can deduce (as in 

[BLGHT09]) the automorphy of r. 

Things are a little more complicated than this because it seems to be hard to 
combine this with the 'level changing' argument in |Tay08| . In addition a direct 
argument imposes unwanted conditions on the Hodge- Tate numbers of rg and r. 
So instead of going directly from the automorphy of rg to that of r we create two 
ordinary lifts ri and r2 of r (at least after a base change) where ri has the same 
local behaviour away from / as rg; r2 has the same local behaviour away from I as 
r; and where the Hodge- Tate numbers of ri and r2 are chosen suitably. Our new 
arguments allow us to deduce the automorphy of ri from that of rg. D.G.'s results 
in the ordinary case |Ger09| allow us to deduce the automorphy of r2 from that of 
ri. Finally applying our new argument again allows us to deduce the automorphy 
of r from the automorphy of r2 ■ To construct ri and r2 we use the method of Khare 
and Wintenberger |KW09) based on potential automorphy (in the ordinary case, 
where it is already available: see for example [BLGHT09j ). 

Along the way we also prove a general theorem about the existence of /-adic 
lifts with prescribed local behaviour of a given mod I Galois representation (see 
Theorem 14.3. 1|) . We deduce a rather general theorem about change of weight and 
level (see Theorem 14.4. ip of which a very particular instance is the following. 
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Theorem E. Let n be a positive integer and let I > 2(n + 1) be a prime. Fix 
i ■ Qi --^ C. Let F be a CM field such that all primes of F above I are unramified 
over Q and split over the maximal totally real sub field of F . Let it be a regular, 
algebraic, essentially conjugate self-dual, cuspidal automorphic representation of 
GL„{Ap) satisfying the following conditions: 

• t: is unramified above I; 

• TToo has weight {ar^ijr-.F^C, i=i....,n with I — n — 1 > a^,! > ar.2 ^ • • ■ ^ 
o-T.n ^ for all t; 

• and the restriction to Gi?(^,) of the mod I Galois representation r;_j(7r) as- 
sociated to TT and I is irreducible. 

Note that in this case Or.i + aTc,n+i-i — w is independent of t and i. Suppose that 
we are given a second weight (a^ i)r:F^c, i=i,...,n with I — n — 1 > a'^ ^ > a'^ 2 ^ 
• • • ^ n ^ for all T , such that 

• j + a'^^ n+i-'i — w is also independent of t and i, 

• and for all places v\l of F the restriction ri.i{T:)\Gp^ has a lift which is 
crystalline with T-Hodge-Tate numbers {a[^ ^ -\- n — i}. 

Then there is a second regular, algebraic, essentially conjugate self-dual, cuspidal 
automorphic representation tt' of GLn{Kp) giving rise (via i) to the same mod I 
Galois representation (i.e. 'congruent to tt mod I') such that tt' is also unramified 
above I and tToo has weight (a^ J. 

We now explain the structure of the paper. In section [1] we coUect some re- 
sults about the deformation theory of Galois representations. These are mostly 
now fairly standard results but we recall them to fix notations and in some cases 
to make slight improvements. The main exception is the introduction of poten- 
tial diagonalizability in section 11.41 which is new and of key importance for us. 
In section [5] we fix some notations and we recall the existing automorphy lifting 
theorems (or slight generalizations of them). Very little in this section is novel. 
Between the writing of the first and second versions of this paper, Jack Thorne 
[TholO] has found optimal versions of these theorems which allow one to remove 
the troublesome 'bigness' conditions from |CHT08| and the papers that followed it. 
Moreover Ana Caraiani [Car 10] has proved local-global compatibility in all Z 7^ p 
cases, as well as proving temperedness of all regular, algebraic, essentially conju- 
gate self-dual cuspidal automorphic representations. We have taken advantage of 
Ana's and Jack's works to optimize our own results. In section [3] we make use of 
the automorphy lifting theorems from section [5] and the Dwork family to prove a 
potential automorphy theorem (in the ordinary case) and a theorem about lifting 
mod I Galois representations (again in the ordinary case). These arguments follow 
those of |BLGHT09] and will not surprise an expert. 

In section 2] we prove our main new theorems. Section 14.11 contains our main 
new argument. In section W?^ we combine this with the results of sections [5] and [3] 
to obtain our optimal automorphy lifting theorem. In section 14.31 we use the same 
ideas to deduce an improved result about the existence of Z-adic lifts of mod I Galois 
representations with specified local behaviour. Combining the results of sections 
14.21 and 14.31 we deduce in section 14.41 a general theorem about change of weight 
and level for mod I automorphic forms on GL„. Then in section [4.51 we use the 
automorphy lifting theorem of section 14.21 and our potential automorphy theorem 
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from section 13.31 to deduce our main new potential automorphy result for a single 
Z-adic representation. 

In section [S] we turn to applications of our main results. In section [5. II we recall 
definitions connected to compatible systems of /-adic representations. In section lS^ 
we prove some group theoretic lemmas about the images of compatible systems of l- 
adic representations. Then in section [5731 we deduce from the potential automorphy 
theorem of section 14.51 our main theorem - a potential automorphy theorem for 
compatible systems of Z-adic representations. Finally in section [57^ we give further 
applications of our main results - applications to fitting an Z-adic representation 
into a compatible system and to the irreducibility of some Z-adic representations 
associated to cusp forms on GL{n). 

We are grateful to Ana Caraiani and Jack Thorne for sharing with us early drafts 
of their papers [CarlOj and |TholOj respectively. Our paper was written at the same 
time as [BLGGIO] and there was considerable cross fertilization. Our paper would 
have been impossible without Harris' tensor product trick and it is a pleasure to 
acknowledge our debt to him. 



Notation. We write all matrix transposes on the left; so *A is the transpose of A. 
Let g[„ denote the space of n x n matrices with the adjoint action of GL„ and let 
denote the subspace of trace zero matrices. If i? is a local ring we write mn for 
the maximal ideal of R. 

If r is a profinite group then F^'^ will denote its maximal abelian quotient by a 
closed subgroup. If p : F — >■ Gi„(Q;) is a continuous homomorphism then we will 
let p : F — >■ GLn{¥i) denote the semi- simplification of its reduction, which is well 
defined up to conjugacy. 

If M is a field, we let M denote its algebraic closure and Gm denote its absolute 
Galois group. We will use C„ to denote a primitive n*''-root of 1. Let e/ denote 
the Z-adic cyclotomic character and Ii its reduction modulo /. We will also let 
LOi : Gm — >■ Pi-i C Zf" denote the TeichmuUer lift of q. If N/M is a separable 
quadratic extension we will let ^at/m denote the non-trivial character of Gal {N/M). 

If A" is a finite extension of Qp for some p, we write for its maximal un- 
ramified extension; Ik for the inertia subgroup of Gk] Frobi<- G Gk/Ik for the 
geometric Frobenius; and Wk for the Weil group. We will write Art k '■ ^ 
for the Artin map normalized to send uniformizers to geometric Frobenius elements. 
We will let rec^ be the local Langlands correspondence of [HTOl] , so that if tt is an 
irreducible complex admissible representation of GLn{K), then recx (tt) is a Weil- 
Deligne representation of the Weil group Wk- We will write rec for lecK when 
the choice of K is clear. If (r, N) is a Weil-Deligne representation of Wk we will 
write (r, N)^~^^ for its Frobenius semisimplification. If p is a continuous represen- 
tation of Gk over Q; with I ^ p then we will write WD(p) for the corresponding 
Weil-Deligne representation of Wk- (See for instance section 1 of |TY07) .) By 
a Steinberg representation of GLn{K) we will mean a representation Sp„('0) (in 
the notation of section 1.3 of [HTOl] ) where V' is an unramified character oi K" . 
If K' /K is a finite extension and if tt is an irreducible smooth representation of 
GLn{K) we will write ttk' for the base change of tt to K' which is characterized by 
vecK' {ttk' ) = recif (tt) | ■ 



8 THOMAS BARNET-LAMB, TOBY GEE, DAVID GERAGHTY, AND RICHARD TAYLOR 



If /9 is a continuous de Rham representation of Gk over then we will write 
WD(p) for the corresponding Weil-Deligne representation of Wk, and if r : -fC ^ Qp 
is a continuous embedding of fields then we will write HTi-(p) for the multiset of 
Hodge- Tate numbers of p with respect to r. Thus HTx(p) is a multiset of dimp 
integers. In fact if W is a de Rham representation of Gk over Q; and if r : ii" M- Q; 
then the multiset IITr(T4^) contains i with multiplicity dimQ^(W ®t,k K{i))'^'^ . 
Thus for example HT,-(e;) ={-!}• 

If = K or C or if is a CM field, we will let c denote complex conjugation, 
a well defined automorphism of K. If if is a number field and v\oo is a place of K 
we will write Art x„ for the unique isomorphism / [K^ Y' ^ Gal {Ky / Ky). If in 
addition v is real then we will let [c„] denote the conjugacy class in Gk consisting 
of complex conjugations associated to v. 

We will write 1 1 1 1 for the continuous homomorphism 



=ni i-^vQ 




where each | |„ has its usual normalization, i.e. \p\p — 1/p. If ii'/Q is a finite 
extension we will write || ||a' (or simply || ||) for ||Nx/q {|. We will also write 

Art K = n Art ■ A^/K^K^ ^ Gf. 

V 

If t; is a finite place of K we will write k{v) for its residue field and Prob^ for 
Probx„ ■ If K' / K is a. quadratic extension of number fields we will denote by 5k' /k 
the nontrivial character of A^/K^Nk'/kA^,- (We hope that this will cause no 
confusion with the Galois character Sk' /k ■ One equals the composition of the other 
with the Artin map for K.) If K' /K is a soluble, finite Galois extension and if tt is 
a cuspidal automorphic representation of GLn{AK) we will write ttk' for its base 
change to K' , an automorphic representation of GLn{AK')- 
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1. Deformations of Galois Representations. 
1.1. The group Qn- 

We let Qn denote the semi-direct product of = GL„ x GLi by the group {1, j} 
where 

j(5,a)j"^ = (a*3~\a). 
We let ly : Gn GLi be the character which sends {g, a) to a and sends j to —1. 
We will also let GSp2n C GL2n denote the symplectic similitude group defined by 
the anti-symmetric matrix 



J2n — 



In 

-In 



and we will again let v : GSp2n — ^ GLi denote the multiplier character. Finally 
let GO{n) denote the orthogonal similitude group defined by the symmetric matrix 

In. 

There is a natural homomorphism 

Gn X Gm GnlGl X Gn^lG^'.n ~^ {±1} 

which sends both {j, 1) and (1,:;) to —1. Let {Gn x Gm)^ denote the kernel of this 
map. There is a homomorphism 

<S) : {Gn^ Gm)^ > Gnm 

ig,a) X {g',a') i — > {g®g',aa') 

J X J I — > J. 

There is also a homomorphism 

I:Gn 

{g,a) ' — > 

J ' — > 

Suppose that F is a group with a normal subgroup A of index 2 and that 70 G 
F — A. Suppose also that ^ is a ring and that r : F — )■ Gn{A) is a homomorphism 
with A — r^^Gni^)- Write r : A — > GLn{A) for the composition of r|A with 
projection to GL„(A). Write ^(70) — (a, —{vo r)(7o))j. Then 

^(7o^7cr^)a*^(^) = (i^ o r){S)a 
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for all (5 e A, and 

^(7o)*a = -(z^or)(7o)a. 

If r : r — > GSp2n{A) is a homomorphism with multiplier fi, then it gives rise 
to a homomorphism ta : T — >• G2n{A) which sends 5 G A to {r{6), iJ,{S)) and 
7 e r - A to {r{'y)J2n,-n{'y))j. Then A = f^^^LC-^) and uofA= 1^- Similarly 
if r : r — > GOn{A) is a homomorphism with multiplier /x, then it gives rise to a 
homomorphism f a • T — > 5„ (A) which sends 5 G A to (r(5), /u((5)) and 7 G T - A 
to {r {'-/), iJ^ij)) J. Then A = r^^02n(^) ^-^id uorA equals the product of /z with the 
nontrivial character of F/A. 

If r : r (resp. r' : T is a homomorphism with r~^5° (A) = A 

(resp. {r'y^g^iA) = A) then we define 

I{r)=Ior:T ^GSp2niA) 

and 

r (g) r' = (g) o (r X r') : r — > GnmiA). 

Note that the multiplier of J(r) equals the multiplier of r and that the multiplier 
of r (g) r' differs from the product of the multipliers of r and r' by the non-trivial 

character of F/A. 

If X : A -J> and ^j, iT ^ A^ satisfy 

• XX^° = m|a, and 

• x(7o) = -m(7o); 

(i.e. the composition of x with the transfer map A^^ equals the product of 

11 and the non-trivial character of F/A), then there is a homomorphism 

(x,/x):F ^ g,{A) 

7 ' — > (x(77o ^).-m(7))j, 

for all (5 G A and 7 G F — A. We have v o (x, /x) = /x. 

In the case that F = 0^^+ and A = Gi;- where F is a CM field with maximal 
totally real subfield F+, we call r : Gf+ QniA) (resp. GSp2niA), resp. GOn{A)) 
odd if the multiplier character takes every complex conjugation to —1 (resp. — 1, 
resp. 1). Note that if r is odd so is I{r) (resp. ta, resp. ta)- 

Suppose now that A is a field, that r : A — )• GLn{A) is absolutely irreducible, 
and that /x : F — ^ ^4^ is a character so that 

9^r^(g^|A. 

More precisely if 7 G F — A there is a 6-y G GLn{A), unique up to scalar multiples, 
such that 

for all (5 G A. Computing r{'j'^Sj~'^) in two ways and using the absolute irreducibil- 
ity of r, we deduce that r(7^) is a scalar multiple of b^*b~^. Substituting (5 = 7^ in 
the last displayed equation, we then deduce that 

r(7')*6^ = ±m(7)^- 

One can check that the sign in the above equation is independent of 7 G F — A, 
and we will denote it — sgn(r, /u). (To see this one uses the fact that one can take 
bs-y = r{d)bj for ^ G A and 7 G F — A.) Then we get a homomorphism 

f : r ^ a„(A) 
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which sends (5 G A to (r((5), /i((5)) and sends 70 to (6-yo, — sgn(r, /i)/^(7o))j. In 
particular if sgn (r, /i) = 1 then v o f = fi, while if sgn (r, /i) = — 1 then o f) 

is the non-trivial character of F/A. Moreover f — r. 

1.2. Abstract deformation theory. Fix a rational prime I and let O denote the 
ring of integers of a finite extension L of Q; in Q/ . Let A denote the maximal ideal 
of O and let F = O/A. Let F denote a topologically finitely generated profinite 
group and let p : F — !■ GLn (F) be a continuous homomorphism. 
We will denote by 

p° :F^GL„(i?°^) 
the universal lifting of p to a complete noetherian local O-algebra with residue field 
F. (We impose no equivalence condition on lifts other than equality.) We will write 

for pf^oQz- Note that if O C C are two such rings of integers then i?§ -p®oO' = 
and so, as the notation suggests, the ring ® Q; does not depend on the 
choice of ring of integers O. 

The maximal ideals are dense in Spec i?^ A prime ideal p of 

is maximal if and only if the residue field fc(p) — ^o.p[l/^]p/p is (topologically 
isomorphic to) a finite extension of L. (See for instance Lemma 2.6 of |Tay08| . 
For the 'if part note that the image of -R^p in fc(p) is a compact O-submodule of 
k{p) with field of fractions fc(p). Thus -Rq p[l/^] k{p).) We get a continuous 
representation : F — > GLn{k{p)). The formal completion ^§^p[l/^]p is the 
universal lifting ring for p^, i.e. if A is an Artinian local A:(p)-algebra with residue 
field k(p) and if p : F — ^ GL„(A) is a continuous representation lifting p^, then 
there is a unique continuous map of /c(p)-algebras i?Qp[l/Z]p A so that p^ 
pushes forward to p. (Let R denote the image of Rq j in A/mA- Let A^ denote the 
_R-subalgebra of A generated by the matrix entries of the image of p. Then A^ is 
a complete noetherian local O-algebra with residue field F and p : F GLn{A^). 
The assertion follows easily.) In particular, if i7^(F,adpp) = (0) then -Rq ^[1/^] is 
formally smooth at p of dimension 

dimfc(p) Z^(F,adpp) = + (^imk(p) ^^^(r,adpp) - dimfc(p) i/°(F, adpp) 

(where we use continuous cohomology) . (We learned these observations from Mark 
Kisin.) 

Lemma 1.2.1. Let H denote the subgroup of GLn{R!^j) consisting of elements 
which reduce modulo the maximal ideal to an element that centralizes the image of 
p. Then H acts naturally on i?§ ^ on the right. This action fixes each irreducible 
component of Spec R^ ^[1 /I] . 

Proof. The action of ft, e iJ is via the map _R§ - — > _R§ - along which the universal 
lifting p"'"^ pushes forward to ftp"'"^/i~^. 

Suppose that h ^ H and that O' is the ring of integers of a finite extension of 
L in Qi, with maximal ideal A'. Suppose that p : F ^ GLn{0') lifts p. Then 
hph~^ also lifts p. (We are using ft both for an element of GLn{RQ p) and for 
its image in GLn{0') under the map R^p O' induced by p.) Let 0'{s,t) 
denote the algebra of power series over O' with coefficients tending to zero. Set 
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A ~ O' {s,t) / {s det{tln + (1 — t)h) — 1), a complete topologieal domain with the 
A'-adic topology. We have a continuous representation 

p - {tin + (1 - t)h)p{tln + (1 - t)h)-^ : r GL„(A). 

Let A° denote the closed subalgebra of A generated by the the matrix entries of 
elements of the image of p and give it the subspace topology. Then 

p:T ^GLn{A°), 

and p mod A' = p, and p pushes forward to p (resp. hph^^) under the continuous 
honiomorphism A^ O' induced by 1 1-)- 1 (resp. t ^ Q). We will show that A^ is 
a complete, noetherian local O-algebra with residue field F. It will follow that there 
is a natural map i?^ _ A" through which the maps i?§ ^ — C corresponding to 
p and hph^^ both factor. As is a domain (being a sub-ring of A) we conclude 
that the points corresponding to p and hph~^ lie on the same irreducible component 
of Speci?§ As any irreducible component contains an C-point which lies 

on no other irreducible component for some O' as above (because such points are 
Zariski dense in Spec i?^ ^[1//]), we see that the lemma follows. 

It remains to show that A'-' is a complete, noetherian, local O-algebra with 
residue field F. Let 71, . . . , 7^ denote topological generators of T. Write 

p(7j) = + 6j, 

where Ui G GLn{0) lifts p(7i) and where bi £ Mnxni^'A). Then A'^ is the closure 
of the O-subalgebra of A generated by the entries of the bi. As these entries are 
topologically nilpotent in A we get a continuous O-algebra homomorphism 

0[[Xijfe]]i=l_..._r; j,k=l,...,n > A 

which sends Xijk to the {j, A;)-entry of b^. Let J denote the kernel. As 0[[Arij7j]]/ J is 
compact (and A is Hausdorff) this map is a topological isomorphism of 0[[Arijfe]]/ J 
with its image in A and this image is closed. Thus the image is just A^ and we have 
0[[Arijfc]]/ J ^ so that A^ is indeed a complete, noetherian, local O-algebra with 
residue field F. □ 

Now suppose that 

r :r-^^„(F) 

is a continuous homomorphism such that r is absolutely irreducible and F -» Qn/Gn- 
Let A denote the kernel of F ^ Gn/Gn- Then there is a universal deformation 

to a complete noetherian local O-algebra with residue field F, where now we consider 
two liftings as equivalent deformations if they are conjugate. (See section 2.2 of 
[CHT08].) 

Lemma 1.2.2. (1) Suppose that S C F has finite index, that S is not con- 
tained in A and i/iat r|AnE is absolutely irreducible. Then the natural map 
R'^^^ R"^^ induced by r""'^|s makes i?^"iy a finitely generated R'^^^- 
module. 

(2) Suppose that s ; F — > Gm{0) is a continuous homomorphism such that 
A = s~^GmiO) and's®r is absolutely irreducible. Then the natural map 
ijg^iy^- ^ i?™iy induced by r"'^'^ s makes R"^'^ a finitely generated 
Rip^-s-module. 
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(3) Suppose lir) is absolutely irreducible and that S is another open subgroup 
of index two in T which does not contain ker/(r). Then the natural map 

"^cT/p) ~^ ^"^'^ induced by /(r""'^)^. makes i?^"!" a finitely generated 

R^'^'^zJ' -module. 

Proof. This is essentially Lemma 3.2.1 of |BLGG10| . Write R for i?™^!^ ^^^P' 
-RrfS?,^ resp. i?""'^ and write m for the maximal ideal of R. In each case we 

can check that the image of F in t/„(i?™iy/mi?™i?') is finite. Let m denote the 
order of this image, and let 71 , . . . , 7„j S F be chosen so that their images in 
^„(i?™iy/mi?^y) exhaust the image of F. Let 

/(r)= H (T-(Ci + --- + C„))eF[T] 

(Ci,---,C^)6M.>(F)" 

and let A denote the maximal quotient of F[Xi .,]ij=i^...^„ over which the m*'*- 
power of the matrix {Xi,j) is 1„. If p is a prime ideal of A then all the roots of 
the characteristic polynomial of (Xij) over Ap/p are m"* roots of unity and hence 
f{tr{Xi,j)) = in A/p C Ap/p. Thus there is a positive integer a such that 
/(tr = in A. Then we get a map 

F[ri,...,r™]/(/(Ti)-,...,/(T„0«) Rl-'J/mR:^^}y 

By Lemma 2.1.12 of |CHT08j we see that this map has dense image. On the other 
hand the source has finite cardinality. We conclude that the map is surjective and 
that i?Q'i7/mi?™i,^ is finite over F. Hence by Nakayama's Lemma we conclude that 
that R'qy is finite over R, as desired. □ 

1.3. Local theory: I ^ p. 

Continue to fix a rational prime I and let O denote the ring of integers of a finite 
extension L of Q/ in Q;. Let A denote the maximal ideal of O and let F — 0/\. 
However in this section we specialize our discussion to the case F = Gk, where 
K/Qp is a finite extension and p ^ I. Thus p : Gk GL„ {¥) is continuous. Write 
q for the order of the residue field of K. 

In this case the local Euler characteristic formula tells us that the tangent space 
to R^ pi^/l] at a maximal ideal p has dimension + dimfe(p) H^{Gki ad/Op). Note 
also that by local duality dimfe(p) i7^(Gx, ad pp) — dimfe(p) i?°(G'/4:, (adpp)(l)). 
The closed points p of Speci?g_^[l/?] with iJO(Gif, (ad pp)(l)) = (0) are Zariski 
dense (Theorem 2.1.6 of |GeelOj . or see |Cho09| ) and so all components of i?3 ^[1/Z] 
have dimension and are generically formally smooth. We will need a slight 
strengthening of this. We will call a continuous representation p : Gk — >■ GL„(Q/) 
robustly smooth (resp. smooth) if H°{Gk', (adpp)(l)) = (0) for all finite extensions 
K' / K (resp. for K' = K). We will show below that the set of closed points of 
Speci?§^[l//] which are robustly smooth are also Zariski dense. 

Define a partial order on by a > 6 if a equals a{b)(q"^ where a e Gal {L/L), 
where ^ is a root of unity and where m £ Z>o. We will write a « 5 if a > 6 and 
b > a; and we will write a ^ b if a > b or b > a. Further we will write a > b for a > b 
but a b. Choose (j) G Wk a lift of FrobA'. If is a finite dimensional L- vector 
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space with an action of Wk with open kernel and if a G L then we define V{{a)) 
(resp. V{a)) to be the L-subspaces of V such that V{{a))^LL (resp. V{a)®LL) is 
the sum of the 6-generahzed eigenspaces of in as 6 runs over all elements of 
with a ~ 6 (resp. a ~ 6). This is independent of the choice of </>. (If </>' is another 
choice then the actions of ^"^ and (^')™ ^ equal for some m G Z>o.) Thus 
V{a) and V{{a)) are Wi<-invariant. We have decompositions 

y = 0y((a)) 

where a runs over i^/ w, and 

y = 0y(a) 

where a runs over / ^. We will say that V has type a if y = ^((a)). 

Lemma 1.3.1. Suppose that {r,N) is a Weil-Deligne representation o/Wk on a 
finite dimensional L-vector space V. Then we can write 

i=i j=i 

where 

• Vij is invariant under Ik; 

• N : Vij Vi,j+i unless j = Si in which case NVi,s^ = (0); 

• WxVij C Vij © ©j' '^"'^ we get an induced action of Wk 
on Vij; 

• the action of Wk on {Vij ® ©-/"l^ 0^/ Vi',j')/(0.,'l\ 0^-, Vi'j') is irre- 
ducible; 

• Vij has type aiq^~^ for some Oi G Q; ; 

• and if i' <i then ai ai' . 

Proof. We may suppose that V = V{b) for some b (because N must take any V{b) 
to itself). We will construct the Vi,j by recursion on i. Suppose that we have 

constructed V^j for i < t. Choose e such that 

^/00^.. I (K))^(0) 
and such that if a > at then 

^/00^»>. | ((«)) = («) 
Also choose an irreducible W/<-submodule 

Vt,iC |^y/00y,,-j ((at)) 

and choose Sf minimal such that N'^*Vt,i — (0). Lift Vt,i to an Jif-submodule 
Vt°i C V{{at)). Then 7V**V;°i C -Ii 0^- V^i, j • For each i < t choose ji e Z>^, 
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such that atq ~ aiq^ (To see that ji > st we are using the fact that for « < t 
we have a; > a*.) Then 

i<t 

Thus if i; e V^^i we can write 

for unique elements Vi € Vij-^-s^. Set Vt^i to be the set of 

v-^v,. 

We see that Vt^i C y((at)) is a Q;-sub-vector space hfting Vt,i, which is Ik- 
invariant and satisfies N'^^Vt^i = (0). Set Vtj — N^~^Vt^i. It is not hard to see that 
these Vij have all the desired properties. □ 

We remark that if we define an increasing filtration on V by 

Fil.F^00F,, 

i'<i j 

then 

u 
i=l 

Lemma 1.3.2. (I) Suppose p : Gk ^ GLn{Qi) is a continuous representa- 
tion: that % : Qi ^ C and that tt is an irreducible smooth representation 
of GLn{K) over C with iWT){p)^~^^ = recx(7r). If tt is generic then p is 
smooth. 

(2) The closed points of p in Spec ^[I /I] for which pp is robustly smooth are 
Zariski dense. 

Proof. For the first part write tt — Sp^,^ (tti) ffl • • • EH Spj,^ (nt) for some supercuspidal 
representations tt^ of Ghn.{K) and positive integers Si,ni with ^ s^ni = n. (We 
are using the notation of |HT01) .) Then p has a filtration with graded pieces pi 
satisfying iWD{pi)^~^^ = recx (Sp^. (tTj)), possibly after reordering the i's. Thus 
(adp)(l) has a filtration with graded pieces llom{pi, pj{l)). If this had non-zero 
invariants, then tt^ = ttj ® | det |'" for some max{l, 1 + Sj — Si} < m < Sj . Thus 
(jTi, Si) and (tTj, sj) are linked contradicting the fact that tt is generic (see page 36 
of [HTOT] ). 

For the second part suppose that p is a closed point of Spec i?§ Set O' 

equal to the image of ^ in L' = Rq p[i/l]/p and let A' denote the maximal ideal 
of O' . By Lemma ri.3.11 we can find a decomposition (i')" — Vi such that 

• for each i the sub-space Vi is invariant under Ik', 

• for each i the sub-space Fil^y — 0,-/^i Vi' is invariant under Gk', 

• and for each i we have WD(grjy) ~ Sp^. (Wi), where Wi has some type 
a*. 
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(By Sps(W^) we mean the Weil-Deligne representation of Wk whose underlying 
representation of W^K is VF© VF(1)© • • • ©M^(s- 1) and where iV : W{i) ^ W{i + l) 
for i = 0, . . . , s — 2.) Choose M € Z>o so that 

u 

1=1 

Let 

A e ker(Gi„(0'[[Xi, . . . Gi„(F)) 

be the unique element which preserves each {Vi n (C)") (^o' 0'[[Xi, . . . ,Xu]] and 
acts on it by multiplication by (1 + l^' Xi). Note that A commutes with Pp{Ik)- 
Then there is a unique continuous representation 

P-.Gk ^GL,,{0'[[Xi,...,Xu]]) 

such that p\i^ = Pp\if, ®o' 0'[[Xi, . . . , Xu]] and such that for any lift (j) of Frobx 
to Wk we have p{(f)) = pp{(t))A. Then p is a lift of p. If x e (A')" write px for 
p mod (Xi — xi, . . . , Xu — Xu)- Note that po — Pp- We will show that for (Zariski) 
generic x that px is robustly smooth and the second part of the lemma will follow. 
(Note that if 7^ / e 0'[[Xi, then / can not vanish on all of (A')"-) 

If y e (C)^ let Vy : Gk/Ir ^ (C)^ be the unramified character taking Frob^ 
to y. Then (adpa;)(l) has a filtration with graded pieces 

Hom {Vi, Vj{v(i+iMx.)/q(i+iMx^)))- 

Note that if i = j then 

HomG,,(l/„y,(i.i/,)) = (0) 
for any finite K' / K , because 

YLon,w^,{W,,W,{v^,q,)) = (0) 

for j = 1, . . . , Sj ■ + 1 (because, in turn, Wi and Wi^ui/gj) will have different types). 
So it remains to show that for general x we will also have 

}iomG^,iVi,Vj{l'^l+lMx^)/q(l+lMx,))) = (0) 

for all i ^ j and all finite K' /K. Let (p G Wk denote a Frobenius lift and let L" 
denote the compositum of all extensions of L' of degree less than or equal to n. 
Then L" /V is finite. It will do to choose {xi) € (A')" so that if i ^ j and if a 
(resp. /3) is an eigenvalue of (p on Vi (resp. Vj) and if C is a root of unity then 
qaC,{l~^l^^ Xi) 7^ + Xj). However if such an equality were to hold then Q £ L" . 
As L" contains only finitely many roots of unity, the XiS need only satisfy finitely 
many inequalities, as desired. □ 

(This gives a third proof that i?§ p[l/^] is generically formally smooth of dimen- 
sion v?, which seems to be different from those in |GeelOj and jChoOQj .) 

Suppose that C is a set of irreducible components of Spec i?§ p [1/^] and let _Rq j ^ 
denote the maximal quotient of i?§ p, which is reduced, Z-torsion free and has 
Spec i?Q ^^[1/Z] supported on the components in C. Also let Vc denote the set of 
liftings of p to complete local noetherian O-algebras R with residue field F such 
that the induced map R^ -p — >■ R factors through R^ - ^ . By Lemma 11.2.11 above 
and Lemma 3.2 of [BLGHT09] we see that Vc is a deformation problem in the sense 
of Definition 2.2.2 of |CHT08j . 
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If K' / K is finite and Galois we will let Rq^k'-h-c denote the maximal quo- 
tient of i?§ p over which p^{Ik') = {!«}■ Then - x'^m[^l^] formally smooth 
of dimension v? . (One again identifies the formal completions at closed points 
as universal deformation rings and uses the fact that H'^{Gk / Ir' ,W) — (0) for 
any finite dimensional L-vector space W with continuous Gk/Ix' -action.) Thus 
FiQ-p K'-nA^I^] = RqpCj^, some finite set of components CK'-m- of 

Spec p. Let Cp_nr denote the union of Ck'-iit over all finite Galois extensions 
K'/K and set i?§ ^.p.nr = R-o.p.c^ „• ^ Q/-point of p factors through Ro,p,p-nr 
if and only if it is potentially unramified. The ring Rq - is formally smooth of 
dimension n^. 

For i = 1,2, let 

Pi '■ Gk — > GLn (Cq^ ) 
be a continuous representation. We say that pi connects to p2, which we denote 
Pi ^ P2, if and only if 

• the reduction pi = pi mod ttIq^ is equivalent to the reduction = P2 mod 
hIq^, and 

• pi and p2 define points on a common irreducible component of Spec (_R? (g) 

We say that pi strongly connects to p2, which we write pi ~^ P2, if Pi ~ P2 and pi 
lies on a unique irreducible component of Spec {R^_^ ^ Q;)- 
We make the following remarks. 

(1) By Lemma 11.2.11 the relations pi ^ p2 and pi ^ p2 do not depend on the 
equivalence chosen between the reductions "p^ and 'p2, nor on the GLn{0-^^ )- 
conjugacy class of pi or p2. 

(2) 'Connects' is a symmetric relationship, but 'strongly connects' may not be. 

(3) 'Strongly connects' is a transitive relationship, whereas 'connects' may not 
be. 

(4) If pi ^ p2 and p2 ^ pa then pi ^ pz. 

(5) If pi - P2 and H°{Gk. (adpi)(l)) = (0) then pi ^ p2. 

(6) Write WD(pi) = {ri,Ni). If pi p2 then ri \ij^ ^ r 2|j^. If pi P2 and 
P2 -Pi then (ri|,^,7Vi) - (r2|/,,^2). (See [Ch309].) 

(7) If pi and p2 are unramified and have the same reduction then pi ^ p2- 

(8) If K'/K is a finite extension and pi ~ p2 then Pi|g^/ ~ P2|gj^/- 

(9) If pi ~ p2 and p^ ~ pj then pi © p'^ ~ P2 © P2 and pi g) p^ ^ p2® p'2 and 

(10) If p : Gif — >■ Q; is a continuous character and if pi p2 then p^ p\ 
and pi® fx p2® p. 

(11) If p : Ga' ^ Q; is a continuous unramified character with Ji — 1 then 
pi ~ pi (g) p. 

(12) Suppose that pj^ is semisimple and let Fil* be an invariant decreasing fil- 
tration on pi by Oq^ -direct summands, then pi ^ ©jgr^Pi- 

[We sketch the proof of the last of these assertions. We may suppose that L is 
chosen large enough that pi : Gk — >• GL„(0) and that Y\V is defined over L. Then 
we may choose a basis {e^j} of O" such that 

• for each i the set {ci'j : i > i'} is a basis of FiPO"; 
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• and for each i the set {e^j} (with only j varying) spans a Gk submodule 
ofF". 

(Use reverse induction on i.) Let 0{t) denote the algebra of power series over O 
with coefficients tending to 0, so that 0{t) is complete in the ^-adic topology. Let h 
denote the element of Mnxn{0{t)) such that heij — f^Cij for all i and j. Consider 
the continuous representation 

p = hpih-' : Gk ^GL,,iO{t)). 

Let denote the closed subalgebra of 0{t) generated by the matrix entires of the 
image of p. As in the proof of Lemma ri.2.1[ we see that A'^ is a complete, noetherian 
local O-algebra with residue field F and that there is a continuous homomorphism 
B!q -p^ — )■ under which the universal lifting of pushes forward to p. Under the 
map A^ ^ O which sends f to 1, we see that p pushes forward to pi. Under the 
map A^ ^ O which sends t to 0, we see that p pushes forward to 0^ gr Vi- ^.s A^ 
is a domain, the claim follows.] 

Important convention: Suppose that _F is a global field and that r : Gp ^ 
GLn{Qi) is a continuous representation with irreducible reduction r. In this case 
there is a model r° : Gf GLn{0^ ) of r, which is unique up to GL„(C'q )- 
conjugation. If v\p is a place of F we write r\Gp^ ^ P2 (resp. rjcp^ P2, resp. 
pi ^ r\GpJ to mean r°\Gp^ ^ P2 (resp. r°|Gj.„ P2, resp. pi r°\GpJ- 

1.4. Local theory: I = p. 

Continue to fix a rational prime I and let O denote the ring of integers of a finite 
extension L of Q; in Q;. Let A denote the maximal ideal of O and let F = O/X. 
However in this section we specialize our discussion to the case T = Gk, where 
K/Qi is a finite extension. Thus p : Gk — >■ GL„(F) is continuous. We will assume 
that the image of each continuous embedding if ^ L is contained in L. Let {Hr} be 
a collection of n element multisets of integers parametrized by r G HomQ^ (K, Q;). 

We call a continuous representation p : Gk — > GLn{Qi) ordinary if the following 
conditions are satisfied: 

• there is a G^f- invariant decreasing filtration Fil * on Q" such that for i = 
1, . . . , n the graded piece gr*Q; is one dimensional and Gk acts on it by a 
character Xi'-, 

• and there are integers br^i G Z for r G HomQ, (K, Q;) and i — I, . . . ,n and 
an open subgroup U C such that 

- (x. o Art 7^)1 [/(a) = nr:if^Q,(™)^"" 

— and br^i < < ■ ■ • < br.n for all r. 

We will call p ss-ordinary if we may take U = in the above definition. We 
will call p cr- ordinary if it is ordinary and crystalline (in which case it is also ss- 
ordinary). If p is ordinary (resp. ss-ordinary) then it is de Rham (resp. semi-stable) 
and 

IIT.r(p) = {-br,!, • • • , -K.n}- 

If p is ss-ordinary and if for each i there exists a r such that 6r,i + 1 < f'r.i+i then 
p is cr-ordinary. (See Propositions 1.24, 1.26 and 1.28 of [ Nek93j or Lemma 3.1.4 
of |GG09j .) 

Let K' / K denote a finite extension. The universal lifting ring i?^ - has various 
important quotients i?^ _ ^ _^ which are uniquely characterized by requiring that 
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they are reduced without ^-torsion and that a Q;-point of i?^ - factors through 
^Op{ff } * ^^"^ only if it corresponds to a representation p : Gk ^ GLn(Qi) 
which is de Rham with Hodge- Tate numbers HTr(/o) = Hr for all t : K ^ Qi and 
which has a further specified property 7^* . We will consider the following instances 
of this construction: 

• * = cris and V^, is 'crystalline'; 

• * = ss and V^, is 'semi-stable'; 

• * = K' — cris and V* is 'crystalline after restriction to Gk'^', 

• * = K' — ss and V* is 'semi-stable after restriction to Gk'^', 

• * = cr-ord and is 'cr-ordinary'; 
m — ss-ord and V^, is 'ss-ordinary'. 

We will write I^^h } * ® 'Qi p {h } * Qi- This definition is independent 

of the choice of O. 

If Hr has n distinct elements for each r then each ring _ j ^ is either zero 
or equidimensional of dimension 

l + n^ + [K ■.Qi]n{n-l)/2. 

If X" D if' then Speci?g_-^^^j^^,_^^i, (resp. Spec i?g -^^^j^,_^J is a union 
of irreducible components of Speci?^_|^ j A'"-cris (^'^sp. Spec R^-^j^ j k"-ss)- 
Each of the schemes SpecR^- ^j^^y ^^.-^^[1/1] and Spec i?§ - ^,_^j.;g[l/Z] and 
Spec i?^ p } cr ord l'^ / ^] formally smooth. Finally if p is trivial then the scheme 
Speci?§ - i^^i cr-ord geometrically irreducible. (In the cases * = cris, ss, K' — 
cris, if — ss this all follows from |Kis08] . In the case * = cr-ord, ss-ord it follows 
from Lemmas 3.3.3 and 3.4.3 of jGer09| .) 

Choose a finite set C of irreducible components of \im^K' Speci?Q-|^ y k'-ss- 
Let i?o pc denote the maximal quotient of of R^p^j^ } k'-ss which is reduced, 
Z-torsion free and has Spec i?§ ^ ^ supported on the components in C, for K' chosen 
sufficiently large. This is independent of the choice of iiT' (as long as K' is sufficiently 
large) . Also let Vc denote the set of liftings of p to complete local noetherian O- 
algebras R with residue field F such that the induced map i?o_p — >■ R factors through 
Rq - f2 . Again we see that 2?c is a deformation problem in the sense of definition 
2.2.'2'of [CHTOSj . 

If pi and p2 are continuous representations Gk ^ GLn[0-^^) are continuous 
representations, we say that pi connects to p2, which we denote pi ~ p2, if and 
only if 

• the reduction = pi mod hIq is equivalent to the reduction p2 = P2 mod 

• pi and p2 are both potentially crystalline; 

• for each continuous t : if ^ Q; we have IITt-(pi) HTt-(p2); 

• and pi and p2 define points on the same irreducible component of the 
scheme Spec (i?P ^jjrp k' -cris®^i) ^^''^ some (and hence all) sufficiently 
large K' . 

We make the following remarks. 
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(1) By the proof of lemma 11.2.11 we see that the relation pi ^ p2 does not 
depend on the equivalence chosen between the reductions Pi and nor 
on the G'L„(C'Q^)-conjugacy class of pi or p2- 

(2) 'Connects' is an equivalence relation. (Because -R^^, y cr-ordl-'^/'] 
mally smooth.) 

(3) If pi - p2 then WD(pi)|/^ = WD(p2)|/^. (See pCii08] .l 

(4) If K' I K is a finite extension and pi ^ p2 then pilc^, ~ P2|g^/- 

(5) If pi ^ p2 and p'^ ^ pj then pi ® p[ ^ p2® p'2 and pi (g) p^ ^ p2® p'2 and 

(6) If /X : Gif — > Q; is a continuous unramified character with JI = I and pi is 
potentially crystalline then pi ~ pi (8" p. 

(7) Suppose that pi is potentially crystalline and that p^ is semisimple. Let 
Fil* be an invariant filtration on pi by Cq^ direct summands, then pi ~ 
0jgr'pi. (This is proved in the same way as remark \T2\ of the previous 
section.) 

We will call a representation p : Gk C!Ln{0-^^) diagonalizahle if it is crys- 
talline and connects to some representation Xi © ' ' ' © Xn with Xi ■ Gk 
crystalline characters. We will call a representation p : Gk — > GL„(Oq^) potentially 
diagonalizahle if there is a finite extension K' / K such that pIg^^/ is diagonalizahle. 
Note that if K" /K is a finite extension and p is diagonalizahle (resp. potentially 
diagonalizahle) then p\gj^,, is diagonalizahle (resp. potentially diagonalizahle). It 
seems to us an interesting, and important, question to determine which potentially 
crystalline representations are potentially diagonalizahle. As far as we know they 
could all be. 

Lemma 1.4.1. //pi and p2 are conjugate in GL„(Q;) then pi is potentially diag- 
onalizahle if and only if p2 is potentially diagonalizahle. 

Thus we can speak of a representation p : Gk GL„(Q;) being potentially 
diagonalizahle without needing to specify an invariant lattice. 

Proof. If pi and p2 are conjugate by an element of GL„(C'q^) then after passing 
to a finite extension over which pj^ = pj = 1 we see that pi ^ p2. Thus we may 
suppose that pi — gp29^^ where g = diag(di, . . . , (i„) with di € Q; satisfying 
dn\dn-i\ ■ ■ . \di. Choosing L C Q; large enough we may assume that pi and p2 are 
defined over O and that di, . . . , (i„ € C (If di is not integral multiply each di by 
a suitable element of .) Replacing K hy a finite extension we may also assume 
that p2 = 1 mod Idi/dn, in which case we also have pj^ = 1. 
Consider the complete topological domain 

A = 0{ti,Si,t2,S2, . ■ . ,t„_l, S„_i)/(siii - (di/d2), ■ • ■ , Sn-l^n-l " (dn-l/dn))- 

Let g ^ diag(ii • • ■tn-i,t2 ■ ■ -tn-i, ■ ■ . ,i„-i, 1) and let 

P = 9P29~^- 

If j > i then the (i,j) entry of p((t) is ti...tj^i times the {i,j) entry of p2(o')- 
If i > j then the entry of p(cr) is Sj . . . Si^idi/dj times the {i,j) entry of 

P2(<t). Thus we see that p : Gk GLn{A) is a continuous homomorphism. The 
specialization under 1— > 1 for all i is p2. The specialization under Si t-^ I for all i is 
pi. As in the proof of lemma IT. 2. II we conclude that pi ~ P2, and we are done. □ 
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We will establish some cases of (potential) diagonalizability below, but first we 
must recall some results from the theory of Fontaine and Laffaille |FL82| , normalized 
as in section 2.4.1 of fC HT08| . Assume that K/Qi is unramified and denote its ring 
of integers by Ok- Let MJ-o denote the category of finite Ok ®-Li O-modules M 
together with 

• a decreasing filtration Fil * M by Ok ®Zi O-submodules which are O/f-direct 
summands with Fil°M = M and Fil'"^M = {0}; 

• and Frobp^ ® 1-linear maps : Fil'M -> M with ^'Ifu'+im = l'^'^^ and 
Y,, ^'Fil'M = M. 

Let Ti¥jP o{Gk) denote the category of finite O-modules with a continuous Gk- 
action. There is an exact, fully faithful, covariant functor of O-linear categories 
Gk ■ MJ-Q — >■ KEjPo{Gk)- The essential image of Gk is closed under taking 
sub-objects and quotients. If M is an object of AiJ-o, then the length of M as an 
O-module is [K : Qi] times the length of Gk{M) as an C-module. 

Let F denote the residue field of O and let MJ^w denote the full subcategory of 
MJ-Q consisting of objects killed by the maximal ideal A of O and let KF,Pf{GK) 
denote the category of finite F-modules with a continuous G/f-action. Then Gk 
restricts to a functor AiTf REPr{GK)- If M is an object of AiTr and t is 
a continuous embedding X ^ Q;, we let FLt-(M) denote the multiset of integers 
i such that gr*M (^OK^ZiO,Tm C 7^ {0} and i is counted with multiplicity equal 
to the F-dimension of this space. If M is an /-torsion free object of AiTo then 
Gk{M) Qi is crystalline and for every continuous embedding t : K ^ Qi we 
have 

HT,(Gk(M) Qi) = FL,(M ®o F). 
Moreover, if A is a G/f-invariant lattice in a crystalline representation V of Gk 
with all its Hodge- Tate numbers in the range [0, / — 2] then A is in the image of 
Gk- (See [FL82].) 

Lemma 1.4.2. LetK/Qi be unramified. Let M denote an object of MJ-r together 
with a filtration 

M = Mo 3 Ml D • • • D JIn-i D Mn ^ (0) 

by AiTw-subobjects such that Mi/M^+i has ¥-rank [K : Qi] for i = 0, . . . , n — 1. 
Then we can find an object M of AiTo which is l-torsion free together with a 
filtration by MJ-'o-subobjects 

M ^ MqD MiD - --D Mn-i D Af„ = (0) 

and an isomorphism 

under which Mi (Eio F maps isomorphically to Mi for all i. 

Proof. M has an F basis e^.r ioi i — 1, . . . ,n and r G Hom {K, Qi) such that 

• the residue field kK of K acts on Ci^r via r; 

• M j is spanned over F by the Ci^r for i > j; 

• and for each j there is a subset flj C {1, . . . , n} x Hom {K, Qi) such that 
FiFM is spanned over F by the Ci^r for («,t) £ flj. 

Then we define M to be the free O-module with basis e^.T- for i — 1, . . . , n and 
T ellom{K,Qi)- 
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• We let Ok act on a.r via r; 

• we define Mj to the sub O-module generated by the a.r with i > j; 

• and we define FiPAf to be the O-submodule spanned by the r for {i, r) € 

We define $^ : FiFAf — M by reverse induction on j. If we have defined ^-J+i we 
define as follows: 

• If (i,r) e %+i then $^6^^,- = l^^^^Ci^r- 

• If (j,T) € ilj ~ then ^^ei^r is chosen to be an O-linear combination 
of the ei'.roFrobp for i' > i which lifts $"'ei,r- 

It follows from Nakayama's lemma that M is an object of AiTa, and then it is 
easy to verify that it has the desired properties. □ 

We can now state and prove our potential diagonalizability criteria. 

Lemma 1.4.3. Keep the above notation, including the assumption I — p. Suppose 
that p : Gk Gi„(Q;) is a potentially crystalline representation. 

(1) // p has a G K -invariant filtration with one dimensional graded pieces, in 
particular if it is ordinary, then p is potentially diagonalizable. 

(2) // K/Qi is unramified, if p is crystalline and if for each t : K ^ L the 
Hodge-Tate numbers HTt-(pi) C [a,- , a^. + ^ — 2] for some integer Ot, then 
Pi is potentially diagonalizable. 

Proof: After passing to a finite extension so that p becomes trivial and each gr*p 
becomes crystalline, the first part follows from item ^ of the first numbered list 
of this section. 

For the second we may assume (by twisting) that Ot — for all t. Note that every 
irreducible subquotient of is trivial on wild inertia and hence one dimensional. 
Choose a finite unramified extension K'/K such that p{Gk') = p{Ik)- Then pIg^, 
has a Gk' invariant filtration with 1-dimensional graded pieces. From Lemma ll.4.21 
(and the discussion just proceeding it) we see that p|g^/ has a crystalline lift p2 with 
the same Hodge-Tate numbers as p\Gi^, which also has a G^' -invariant filtration 
with one dimensional graded pieces. It follows from Lemma 2.4.1 of |CHT08| that 
pIgj^, ~ P2- (Note that in section 2.4.1 of |CHT08| there is a running assumption 
that the Hodge-Tate numbers are distinct. However this assumption is not used in 
the proof of Lemma 2.4.1 of [CHT08| .) From the first part of this lemma we see 
that p2 is potentially diagonalizable. Hence p is also potentially diagonalizable. □ 

Important convention: Suppose that _F is a global field and that r : Gp ^ 
GLn{Qi) is a continuous representation with irreducible reduction r. In this case 
there is model r° : Gp ^ GLniOq ) of r, which is unique up to GL„(C'q )- 
conjugation. If v\l is a place of F we write r\Gp^ ~ P2 to mean 7'°|gf„ ~ P2- 
We will also say that r|Gp„ is (potentially) diagonalizable to mean that ''°|gj7„ is. 

1.5. Global theory. 

Fix an odd rational prime I and let O denote the ring of integers of a finite 
extension L of Q/ in Q;. Let A denote the maximal ideal of O and let F — O/X. 
Let F denote an imaginary CM field with maximal totally real subfield F~^. We 
suppose that each prime of F"*" above I splits in F and that L contains the image 
of each embedding F ^ L. Let S denote a finite set of places of F+ which split 
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in F and suppose that S contains all places of F+ above /. For each v ^ S choose 
once and for all a prime v oi F above v, and let S denote the set of v for v £ S. 
Let 

r:GF+ -^Gnif) 

be a continuous representation such that Gp = r^^5°(F) and such that r is un- 
ramified outside S. Let 

^l■.Gp+ ^ O"" 

be a continuous character lifting i^or. We suppose that /i is de Rham, so that there 
is an integer w such that HT7-(/i) ~ {w} for all r : F+ ^ L. For r : ^ i let Hr 
denote a multiset of n integers such that 

Flroc = {w ~ h : h G Hr}. 

For u e S* with vj(l choose a set Cv of irreducible components of the scheme 
Spec [1 /I] , and let Vy denote the corresponding local deformation prob- 

lem. For v S with v\l choose a finite set Cy of irreducible components of 
lim . Spec i?5 ^, , , and let Vy denote the corresponding local de- 

formation problem. 
Let 

S^iF/F+,S,S,0,r f,, {Vy} y^s). 
The following proposition is established in jCHTOSj (see Proposition 2.2.9 and 
Corollary 2.3.5 of that paper). 

Proposition 1.5.1. Keep the notation and assumptions established in this section. 
Suppose moreover that r is absolutely irreducible. 

(1) There is a universal deformation 

univ . ^ , 1^ /punivN 

ofr of type S in the sense of section 2.3 of [ CHT08) . 

(2) // fi{cy) = —1 for all v\oo (i.e. if ii is totally odd) and if each has n 
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2. AuTOMORPHY Lifting Theorems I. 

2.1. Terminology. 

Continue to fix a rational prime / and an isomorphism ^ : Q; ^ C. 
Suppose that F is a CM (or totally real) field and that F+ is the maximal totally 
real subfield of F. Let 

(resp. f : Gf — ^ GL„(f,)) and 

(resp. Ji : Gp+ — > ) be continuous homomorphisms. Wc will call the pair {r, fj,) 
(resp. {r,Jl)) essentially conjugate self-dual if for some infinite place v of F"*" there 
is Sy e {±1} and a non-degenerate pairing ( , on Q; (resp. F; ) such that 

{x,y)v =£v{y,x)y 

and 

{r{a)x,r{cyacy)y)y = ii{a){x,y)y 

(resp. 

{r{a)x,r{c.u(Tc.u)y)y =-p{a){x,y)y) 

for all X, y e Q" (resp. F") and all a G Gf- In the case that F is imaginary we 
further require that Sv = —ii{cv). (This last condition can always be achieved by 
replacing /i by fiSF/p+.) 
Note the following. 

• If the condition is true for one place v\oo it will be true for all places 
w|oo: take = /i(c„c„')e„ and {x,y)y' = {x,r{cyCy')y)y (resp. {x,y)y' = 

{X,f{CyCy')y}y). 

• If F is imaginary then {r,fi) (resp. (f,/!)) is essentially conjugate self-dual 

if and only if there is a continuous homomorphism r : Gp+ — >■ Gn{Q.i) (resp. 
Qn{^i)) with r = r (resp. r) and with multiplier ^ (resp. Jl). 

• If F is totally real then (r, fi) is essentially conjugate self-dual if and only 
if r factors through GSpn{Qi) (if /^(c„) = — e„) or G'0„(Q/) (if fj,{cy) = Sy) 
with multiplier /i. [Define the pairing on Q; by {x,y) = {x,r{cy)y)y.] A 
similar assertion is true in the case of if / > 2. 

We will call (r, /z) (resp. (f,/!)) totally odd, essentially conjugate self-dual if they 

arc essentially conjugate self-dual and e,, = 1 for all f|oo. (Or what comes to the 
same thing if /u(c^) (resp. Jl{cy)) is independent of v\co and Sy = 1 for some ^loo.) 
Suppose that F is a number field and 

X: A^/F>^ 

is a continuous character. If there exists a G ^^''^^ such that 

reHom(F,C) 

we will call x algebraic. In that case we can associate to x a de Rham, continuous 
character 
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as at the start of section 1 of }BLGHT09j . If t : F recall that HT^(r/,,(x)) = 

{ Ojiot} • 

We now recall from jCHTOSj and |BLGHT09| the notions of RAESDC and 
RAECSDC automorphic representations. In fact, it will be convenient for us to 
work with a slight variant of these definitions, where we keep track of the character 
which occurs in the essential (conjugate) self-duality. 

Let F be an imaginary CM field with maximal totally real subfield F+. By a 
RAECSDC (regular, algebraic, essentially conjugate self dual, cuspidal) automor- 
phic representation of GL„(Ai?) we mean a pair (7r,x) where 

• TT is a cuspidal automorphic representation of GL„(A^) such that ir^ has 
the same infinitesimal character as some irreducible algebraic representation 
of the restriction of scalars from to Q of GL„, 

• X ■ / (F^)^ ~^ is a continuous character such that Xd(~1) = (~1)" 
for all u|cxi, 

• and TT^ ^ vr^ (g) (x o Nj?/i?+ o det). 

We will say that (tt, x) has level prime to I (resp. level potentially prime to I) if for 
all v\l the representation iTy is unramified (resp. becomes unramified after a finite 
base change). 

Now let F be a totally real field. By a RAESDC (regular, algebraic, essentially 
self dual, cuspidal) automorphic representation of GLn{Ap) we mean a pair (7r,x) 
where 

• TT is a cuspidal automorphic representation of Gi„(Ai?) such that tToo has 
the same infinitesimal character as some irreducible algebraic representation 
of the restriction of scalars from F to Q of GL„, 

• X '■ ^p/F"- is a continuous character such that Xf(~l) is indepen- 
dent of v|oo, 

• and TT = TT^ (g) (x o det). 

We will say that (tt, x) has level prime to I (resp. level potentially prime to I) if for 
all v\l the representation tt^, is unramified (resp. becomes unramified after a finite 
base change). 

If n is an algebraically closed field of characteristic we will write (Z" )^°™ (^'^)^+ 
for the set of a = (a^^^) e (Z")H°" (^.f^) satisfying 

Let wGZ. If F is totally real or CM (resp. ii fl = C) we will write (Z")S°"' ^^'"^ 
for the subset of elements a G (Z")H°m (^^.f^) with 

(resp. 

^T,i ^cor,n+l— i — W 

(These definitions are consistent when F is totally real or CM and 51 — C.) If F' /F 
is a finite extension we define ap' G (Z")^°'"(^ ,^^):+ by 

{aF')T,i — OtIf,*- 

We will call a extremely regular if for some r the ar,i have the following property: 
for any subsets H and H' of {flr.i + n — of the same cardinality, if J^heH ^ ^ 
T,heH' h then H = H'. 
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If a e (^")Hom (FX),+ ^ jg-j- 2^ denote the irreducible algebraic representation of 
GLn°"^ (^i"^) -^vhich is the tensor product over r of the irreducible representations 
of GLn with highest weights a^. We will say that a RAESDC (resp. RAECSDC) 
automorphic representation (tt, x) of GL„{Ap) has weight a if tToq has the same 
infinitesimal character as S^. Note that in this case a must lie in (Z")S°™ for 
some w £ Z. 

We recaU that to a RAESDC or RAECSDC representation (tt, x) of GL„(Ai^) 
we can attach a continuous semi-simple representation 

r,,,(^) : Gf — > GL„(Q,) 

with the properties described in Theorem 1.1 (resp. 1.2) of jBLGHTOO] . The pair 
(r/_j(7r), ej^~"ri_,(x)) is totally odd, essentially conjugate self-dual. (See Theorem 
1.2 and Corollary 1.3 of |BC09| . Note that Theorem 1.2 of |BC09j can easily 
be extended to the case x non-trivial by a twisting argument. Also note that 
irreducible factors r of r;^j(7r) which do not satisfy r'^ ~ (g) el~"'ri^i{x) occur in 
pairs r, (r'^)^ ig) e;^~"n,j(x) ^-^d it is straightforward to put a pairing of the desired 
form on r® (r=)^ (K'e;^""r;,j(x).) When F is CM, note that by definition el~"ri^^{x) 
takes every complex conjugation to —1, i.e. is totally odd. 

The representation r;^i(7r) is de Rham (crystalline if 7r„ is unramified for all v\l) 
and if T : F ^ Q; then 

}lTr{ri,t{Tr)) = {a,r4 + n- l,atr,2 + n-2,.. . ,atr,n}- 

If vj(l then Caraiani's local-global compatibility tells us that 

zWD(n,,(^)|G,„ )^-^^ = rec(7r, ® | det 

(See [CarlOj .l 

We will let r;^i(7r) denote the semisimplification of the reduction of r;^t(7r). If F 
is totally real and if Xv{—^) — (~1)"^^ for all v\oo then f;_i(7r) factors through a 
map 

7,,,(7r) :Gf-^GO„(F0 

with multiplier e]~"'ri^i{x)- If F is totally real and if Xf (^1) = for all u|oo 

then n is even and ri_,(7r) factors through a map 

Tu{7t) : Gf GSpn{¥i) 

with multiplier e;^^"n^i(x). If F is imaginary CM then it extends to a continuous 
homomorphism 

Fi,,(7r) : Gf^ Qnifi) 

with multiplier C/^ "n_i(x). 

In definition 5.1.2 of |Ger09] D.G. defines what it means for a regular algebraic 
cuspidal automorphic representation tt of GL„(Ai?) to be i-ordinary. For our pur- 
poses the exact definition will not be so important, rather all that will matter are 
the following facts. We let (7r,x) denote a RAESDC or RAECSDC automorphic 
representation of GL„(Af). 

(1) If TT is i-ordinary then ri^^^n) is ordinary. 

(2) If ip is an algebraic character of Ap/F^ then tt is i-ordinary if and only if 
t: ® [ij) o det) is z-ordinary. (This follows directly from the definition.) 

(3) If TT has weight and if tTv is Steinberg for all v\l then tt is i-ordinary. (See 
Lemma 5.1.5 of |Ger09) .) 
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(4) If TT has level potentially prime to I and if ri^i['K) is ordinary then tt is 
z-ordinary. (See Lemmas 5.1.6 and 5.2.1 of |Ger09| ) 

We remark that it is presumably both true and provable that tt is i-ordinary if and 
only if n.j(7r) is ordinary, but to work out the details here would take us too far 
afield. 

We will call a pair (r, /i) (resp. {r,jt)) consisting of a Galois representation and 
an algebraic Galois character automorphic if there is a RAESDC or RAECSDC 
representation (tt, x) such that 

= (r/,,(7r),r/,,(x)e,^~") 

(resp. 

We will say that (r, /i) or (r, /I) is automorphic of level prime to I (resp. automorphic 
of level potentially prime to I, resp. ordinarily automorphic) if (tt, x) has level prime 
to / (resp. has level potentially prime to I, resp. is i-ordinary). 

The next Lemma formalizes the argument of step 3 of the proof of Theorem 7.5 
of jBLGHTOQj . 

Lemma 2.1.1. Let F be a totally real field or CM field and M/F a cyclic imag- 
inary Galois CM extension of degree m. Let r : Gm Gi„(Q/) be a continu- 
ous representation. Assume that there is a RAESDC automorphic representation 
(n, x) of GLmni-^p) and « : Q; — )■ C such that n,i(n) = Ind^^^r. Then there is 
a RAECSDC automorphic representation (tt, (|| ||^""'"x) ° ^m+/f) of GL„(Am) 
such that ri i(n) = r. 

Proof The proof follows the proof of Proposition 5.2.1 of |BLGG09| . Note that 
this proof refers only to r\Qj^j until the very last line where the automorphy of 
r is deduced from that of r\cM- ^Iso note that in the case that F is imaginary 
one must replace the argument of the last paragraph of the proof of Proposition 
5.2.1 of |BLGG09] with the (similar) argument in the last paragraph of the proof 
of Proposition 5 . 1 . 1 of |BLGGlQj . □ 

Finally recall the following definition from [TholOI . We will call a subgroup 
H C GLn{¥i) adequate if the following conditions are satisfied. 

. H\H,¥i) = (0) and H\H,Qf„(Fi)) = (0). 
. HO(i7,0l,",(FO) = (O). 

• The elements of H with order coprime to I span Mnxni^i) over F;. 

Note that this is not exactly the definition given in Definition 2.3 of |TholOj . how- 
ever it is equivalent to it by Lemma 1 of [GHTTIO] . Note also that if H is adequate, 
then the second condition above implies that Z/n. The following proposition is The- 
orem 9 of IGHTTlOj . 

Proposition 2.1.2. Suppose that H is a finite subgroup of GLn{¥i) such that the 
tautological representation of H is irreducible. Let H'^ denote the subgroup of H 
generated by all elements of l-power order and let d denote the maximal dimension 
of an irreducible H'^-submodule o/F; . If I > 2{d + 1) then H is adequate. 
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2.2. Automorphy lifting: the 'minimal' case. 

In this section we present an automorphy hfting theorem which represents the 
natural output of the Taylor- Wiles-Kisin method (with improvements due to Thorne 
[TholO] and Caraiani ICarlOj ). This resuh is essentially Theorem 7.1 of jTholO) . 

Theorem 2.2.1. Let F be an imaginary CM field with maximal totally real subfield 
. Suppose I is an odd prime and that n G Z>i. Let 

r-.Gp^ GF,Mi) 

be a continuous representation and let r denote the semi- simplification of its reduc- 
tion. Also let 

be a continuous homomorphism. Suppose that (r, fi) enjoys the following properties: 

(1) r--r^/i|G,. 

(2) iJ-{cy) = —1 for all v\oo. 

(3) The reduction r is (absolutely) irreducible and r{Gp^^^-j) C GLn(Vi) is ad- 
equate. 

(4) There is a RAECSDC automorphic representation (7r,x) of GLni^p) of 
level potentially prime to I such that {r,fl) ^ (^i,i(7r), r; j(x)ej^^"), and 
'>'i,i{''^)\gf^ ^ Agf„ each finite place v of F. (In particular, 7'|gf„ 
potentially crystalline for v\l.) 

Then {r, ii) is automorphic of level potentially prime to I. 

If further tt has level prime to I and if r is crystalline at all primes above I, then 
{r, i^j.) is automorphic of level prime to I. 

Proof. The result follows from Theorem 7.1 of [TholO] on noting that for v /(I 
we have n,i(''i')|GF„ ''Igf„ (by Lemma ri.3.2[ because iWD(r/_j(7r)|GF^ )^^^^ = 
rec(7r„ (g) | det and tt^ is generic). □ 

Theorem 2.2.2. Let F be an imaginary CM field with maximal totally real subfield 
F^ . Suppose that n € Z>i and that I is an odd prime. Let S be a finite set of primes 
of F^ including all primes above I. Suppose moreover that each prime in S splits 
in F and choose a prime v of F above each v Cz S . Write S for the set of v with 
vGS. 

Let (tTjx) be a RAECSDC automorphic representation of GLniAp) which is 
unramified outside S and has level potentially prime to I. Let a G (^»i)Hom (F,C),+ 
be the weight of it. Suppose that the image ri^i{TT){G f{^i)) is adequate. 

Suppose that for each v\l, Cy is an irreducible component of 

hm Speci?°^(,)l^^^^ ^{{„^^^+„_,j^}^^^,_„,is ® 

containing n,i(7'')|GF- • Suppose also that for each u G S* with vj{l, Cy is the irre- 
ducible component of Spec R'^^ (.^jl^ i^Qi containing ri^i{7r)\Qj^^ . 

Let L denote a finite extension of Qi in Q; such that L contains the image of 
each embedding F ^ Qi; and L contains the image ofri^i{x); and is defined 

over L; and each is defined over L. For v € S let 2?„ be the deformation problem 
corresponding to C„. Also let 

S = {F/F+,S, S, OL,?z,,(7r), r,,,(x)ei-", {P.J^es). 
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Then the ring i?™'^ is a finitely generated OL-niodule. 
Proof. Note that ri^i{'K)\cf^ lies on a unique component of Spec i?? for 
each V £ S with w/L (Use Lemma [1. 3.21 and the fact that i'WD{ri_i{Tr)\cf.^)^^^^ = 
rec(7r{; (g) | det "''^^).) Also by making a base change to a finite, soluble, Galois, 

CM extension F'/F which is linearly disjoint from F^'"^^'''^^\q) over F we may 
suppose that tt is unramified above I and that Cv is a component of the spectrum 
Speci?° ^(^^1^^ ^^^^^^^_^^_.j.j^^^j.;^(X)Q, for each (Use Lemma [LZ2|). In partic- 
ular the character x is unramified above I (as F/F^ is unramified above /). The 
result now follows from Theorem 10.1 of |TholO| . □ 

2.3. Automorphy lifting: the ordinary case. 

One can combine the Taylor- Wiles-Kisin method with the level changing method 
of |Tay08| and Hida theory, to derive a stronger theorem in the ordinary case. 
The first such theorem was obtained by D.G. (see Theorem 5.3.2 of }Ger09| ). The 
'bigness' condition in Theorem 5.3.2 of |Ger09j was relaxed by Thorne. The theorem 
we present below is Theorem 9.1 of |TholOj . 

Theorem 2.3.1. Let F be an imaginary CM field with maximal totally real subfield 
F^ . Suppose that I is an odd prime and that n G Z>i. Let 

he a continuous irreducible representation and let r denote the semi- simplification 
of the reduction ofr. Also let 

be a continuous homomorphism. Suppose that (r, fi) enjoys the following properties: 

(1) r- = rV|G,. 

(2) ii{cy) independent of v\oo. 

(3) r ramifies at only finitely many primes. 

(4) r is ordinary. 

(5) The image r(Gi?(^j)) is adequate and Q ^ F. 

(6) There is a RAECSDC automorphic representation {tt,x) o/GL„(Ai?) such 
that 

(r,7l)-(n.(7r),n,(x)6i-") 
and TT is i-ordinary. 

Then (r, fi) is ordinarily automorphic. If r is also crystalline (resp. potentially 
crystalline) then (r, fi) is ordinarily automorphic of level prime to I (resp. poten- 
tially level prime to I). 

The next result is Theorem 10.2 of [TholOj . which generalizes Corollary 4.3.3 of 
[GG09 J. It provides a finiteness theorem for universal deformation rings. 

Theorem 2.3.2. Let F be an imaginary CM field with maximal totally real subfield 
F'^ . Suppose that n G Z>i and that I is an odd prime with Q ^ F. Let S be a 
finite set of primes of F^ including all primes above I. Suppose moreover that each 
prime in S splits in F and choose a prime v of F above each v € S . Write S for 
the set ofv for v £ S. 
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Let (tt, x) he an i-ordinary RAECSDC automorphic representation of GL„{Kf) 
which is unramified outside S. Suppose that the image f;,,(7r)(Gir(fj)) is adequate. 
Let _ 

be a continuous de Rham character satisfying JI = n,j(x)e;^~"- Note that HTr(/u) = 
{w} is independent of r : F+ ^ Q; . For each r : F Q; choose a multiset of n 
distinct integers Hr such that 

Htoc = {w — h : h G Ht}. 

Let L denote a finite extension of Q; in <Qi such that L contains the image of 
each embedding F ^ Qi; and L contains the image of n; and ri^^^Tr) is defined over 
L. For V E S with v let 2?„ consist of all lifts offi^i{TT)\op^- If v\l let Vy consist 
of all lifts which factor through Ft^ _ ^^^|^ |^ | g^.Q^j- Also let 

S = {F/F+,S. S, OL.Jui7T),fi. {n,}ves). 
Then the ring i?™'^ is a finitely generated OL-module. 
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3. Potential Automorphy. 
3.1. The Dwork family. 

In this section we show that a suitable symplectic, mod I representation is poten- 
tially automorphic. The theorem and its proof are slight generalizations of section 
6 of |BLGHT09j . We start with another minor variant of a result of Moret-Bailly 
|MB89) (see also |GPR95j and Proposition 6.2 of [BLGHTOQj V We apologize for 
not stating these results in the correct generality the first time round. 

Proposition 3.1.1. Let D/F/Fq be number fields with D/F and F/Fq Galois. 
Suppose also that S is a finite set of places of Fq and let denote the set of places 
of F above S . For v G let E'^ / F^ be a finite Galois extension with E'^^ — crE'^ for 
a S Gpa^^^ . Suppose also that T/F is a smooth, geometrically connected variety 

and that for each v G we are given a non-empty, Gal (E'^/Fy) -invariant, open 
subset C T{E'^). 

Then there is a finite Galois extension E/F and a point P G T{E) such that 

• E/Fq is Galois; 

• E/F is linearly disjoint from D/F; 

• ifvE and w is a prime of E above v then E^j/Fy is isomorphic to E'y / Fy 
and P G fly d T(E'y) = T{Ey,). (This makes sense as fly is Ga\{E'y/Fy)- 
invariant.) 

Proof. Let Di, . . . , Dr denote the intermediate fields D D Di D F with Di/F 
Galois with simple Galois group. Combining Hensel's lemma with the Weil bounds 
we see that T has an _F^-rational point for all but finitely many primes v of F. Thus 
enlarging S we may assume that for each i — 1, . . . ,r there is w G with E'y = Fy 
and V not split completely in Di. Then we may suppress the second condition on 
E. 

Let F' /F be a finite extension such that 

• F'/Fo is Galois; 

• if w G S*^ and w\v is a place of F' then F!^/Fy is isomorphic to E'y/Fy. 

(Apply Lemma 4.1.2 of |CHT08] with F of that lemma our F and S of that lemma 
our . This produces a soluble extension F" /F. Then we take F' to be the 
normal closure of F" over Fq.) Thus we may assume that E'y = Fy for all v G . 

Then Theorem 1.3 of [MB89| tells us that we can find a finite Galois extension 
F' /F and a point P G T{F') such that every place v of splits completely in F' 
and if w is a prime of F' above v then P ^ fly C T{F!^y). Now take E to be the 
normal closure of F' over Fq . □ 

Theorem 3.1.2. Suppose that: 

• F/ Fq is a finite, Galois extension of totally real fields, 

• I is a finite set, 

• for each i G I, Ui is a positive even integer, U is a rational prime, and 
H : Qj, ^ C, 

• j7'(avoid)^^ a finite Galois extension, and 

• fi : Gp GSp„.(F;J is a mod U Galois representation with open kernel 
and multiplier • 



32 THOMAS BARNET-LAMB, TOBY GEE, DAVID GERAGHTY, AND RICHARD TAYLOR 



Then we can find a finite totally real extension F' / F and RAESDC automorphic 
representations (tt^,!) of GLn^^Ap') such that 

(1) F'/Fq is Galois, 

(2) F' is linearly disjoint from ^(avoid) gy^j- 

(3) = ri\Gp,, 

(4) and t:[ has weight and, if v\li then ti[ ^ is Steinberg. 
In particular t:[ is li-ordinary and ri.^t.{T:[) is ordinary. 

Proof. The proof follows very closely the proof of Theorem 6.3 of [BLGHTOQ] . We 
will use the notation of that theorem freely and we will simply indicate the slight 
changes that need to be made. First note that Ti is actually valued in GSp„(F(*)) 
for some finite cardinality subfield F^*) C F; . . 

We choose N such that it is not divisible by any rational prime which ramifies in 
j^(avoid) gj^y. q£ ^^^^ ^ ^ such that for each i £ I there is a prime Xi 

of Q{Cn)~^ above k and an embedding F*^*) /Xi. Note that in particular 

Q{Cn) is linearly disjoint from p('^^°^^)F ' (Cn 'J '^'^'^^ ^ ^^'^ hence also over 
F. 

We choose several fields for i G I with Af^/Q cyclic of degree Ui and with 
each Mi/Q unramified at all rational primes ramified in F''*™"^'^^' (Cjvn. ;J. 
Choose q to be split completely in Hi -^^i unramified in -F'-'*™'^''(C4Afn 
Choose qi a prime of Mi above q. Choose M' containing the compositum of the 
Mi's and characters (j), : A^j, {M'Y as in Theorem 6.3 of BLGHTOQj . ex- 
cept that we ask that (j)i is unramified above any rational prime which ramifies in 
^(avoid)(^^j_j^^j^ Choose V also unramified in F^'^™''^) and not equal to any k and 
greater than Ui + l for all i. Choose Ai a prime of M' above V and A' a prime of 
Q(CAf)^ above V . Use 0^ and Ai to define 9i : Gmi — > and set r- — Ind^^ 9i. 

Note that F{(n) and Q'^''^™'^'(0') are linearly disjoint over Q. 

We choose various Tq corresponding to N and n^. Each comes with a finite 
cover Tji. xr'. Then choose F' a finite extension of F{(n)^ and points ti e Tq^\f') 
such that 

• F'/Fo is Galois; 

• F' is totally real; 

• F' is linearly disjoint from F^'^™''^)^'^" ''"^'^''"''^ (C;- n, /.) over F; 

• V[X^]ti ^Tila^,; 

• V[X% ^n\G„; 

• v{ti) <0 for all places v\li of F'; 

• v{ti) > for ah places v\l' of F'. 

To do this one applies Proposition 13 . 1 .1] with Fq of that proposition our Fg, with 
F of that proposition our F((^Ar)+ and with T — Jli'^nxr' and with D of that 

proposition our i^(avoid)^^' '^"'^^'^'^'^'''(Cr n ^^^"^ ^ consist of the places of 

Fo dividing infinity or I'H^ k. For v € S^^'^"^* and v\oo we take F^ to be F(Cjv)+ 
and fJ« to be T(F(,). For u e S'^'(C")+ with (resp. v\l') and F' a finite extension 
of F(CAr)+, let fi(F') denote the subset of T{E') consisting of those points whose 
component in F^^xr' lies above an element t G rQ*''(F^) with v(t) < (resp. with 
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v{t) > 0). For such v we choose finite Galois extensions E[,/ F{C,N)t such that 
n{E'^) ^ and E'^^ = aE'^ for ah a e GfcH^;,- We then take = n{E'^). 

The last sentence of the proof of Theorem 6.3 of [BLGHT09] is not required 
here. □ 

3.2. Lifting Galois representations I. 

We now use the method of Khare and Wintenberger [KW09j to show that certain 
mod / representations have ordinary lifts with prescribed local behaviour. We will 
later improve upon this by weakening the ordinary hypothesis (see Theorem 14. 3. 
but we will need to use this special case before we are in a position to prove the 
more general result. 

Proposition 3.2.1. Let n he a positive integer and I an odd prime. Suppose that 
F is a CM field not containing Q and with maximal totally real subfield . Let S 
be a finite set of finite places of which split in F and suppose that S includes 
all places above I. For each v G S choose a prime v of F above v. 

Let ^ : G p+ Qi be a continuous, totally odd, crystalline character unramified 
outside S. Then there is a w G Z such that for each t : F^ ^ Q; we have 
HTT-(/i) = {w}. For each t : F Qi let H^- be a set of n distinct integers such 
that Htoc — {w — h : h E Ht}- 

Let 

r-.Gp^ ^Gni^i) 

be a continuous representation unramified outside S with vor — JL andr^^Q^iVi) — 
G F ■ Write d for the maximal dimension of an irreducible constituent of the restric- 
tion of r to the closed subgroup of Gp+ generated by all Sylow pro-l- subgroups. 
Suppose that r\Gp^^^-^ is irreducible and that I > 2{d + 1). 

Suppose also that for u\l a place of F the restriction '^Igj!.^ admits a lift pu '. 
Gp^ GLn{Oq^) which is ordinary and crystalline with Hodge- Tate numbers H-r 
for each t : F^ ^ Qi. For v £ S with v j{l let ■ Gp^, GL„{Oq^) denote a lift 

of7\GF^- 

Then there is lift 

r : Gp+ ^ GniO^^) 

ofr such that 

(1) vor = n; 

(2) if u\l is a place of F then t^Igf^ ordinary and crystalline with Hodge-Tate 
numbers Hr for each t : Fu ^ Qi; 

(3) if V £ S and v then r\GF~ ~ Pv', 

(4) r is unramified outside S . 

Proof. Choose a place Vq of F above a rational prime q such that Vq is split over 

F'^ and Vq does not divide any prime in S . Also choose a character : G p ^ Qi 
such that 

• tJj is unramified above any prime of S which does not divide I; 

• t/) is crystalline at all primes above I; 

• if BTrW = {br} then - b^ocl > \h - h'\ for aU h e H^, h' e Hroc, 
. qmij/r){lFj; and 
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(See Lemma 4.1.6 of [CHTOlj.) Consider /(r ® {lp,el~'^''-p-^5p/F+)) : Gf+ ^ 
GSp2n{^i), which has multipher C;^"^". By the fourth condition on tp the represen- 
tation I{r(^{ip,el^'^""p~^Sp/p+))\G^^^^ ^ is irreducible and so, by Proposition l2.1.21 

/i ^6p^p+)){Gp+(^t;^^-j) is adequate. 
Let Fq/F+ be a totaUy imaginary quadratic extension hnearly disjoint from 
-kcrad i{m(^,ef-'"72-'s^^^+))^^^^ ^^^^ Theorem|3T2]there is a Galois totaUy 

real field extension / and a RAESDC automorphic representation (tti, 1) of 
GL2n{^p+) such that 

• F+ is linearly disjoint from p^°' ^(~®(^^t~''^T'~'&^f^+)) p^^^-^^ ^^^^ p+. 

• ri^,{TTi) = I{r (g) {lp,e]-'^''-p-^5p/p+))\G.; 

• and TTi is z-ordinary. 

Set Fi = FoF+. It is hnearly disjoint from p^''''"»(^~'i''"T'''^i^/^+^ p+ (^q-^ Q^er 
Set 

Then ri(G'i?j(^,)) is adequate and Q ^ Fi. 

Let T' D S denote a finite set of primes of including all those above which tp, 
TTi or Fi is ramified. Let F^ /F'^ be a finite soluble Galois totally real extension, 

linearly disjoint from F-^ {Q ) over such that all primes of F3+ = F+F+ above 
T' split in F3 = F1F2+. Set 

^3 = ^i|g + : Gp+ — > tJ2ri(F;) 

-F3 3 

so that r^^G2n(^i) = Gp^. Then ^^{Gp^iCi)) is adequate and ^ -Fs- Let T denote 
the set of places of F^ lying over T' and for each u € T choose a prime u of F^ 
above u and let T denote the set of u for u E T. 

For V € S with v J(l let denote a component of i?S (81 Q; containing p^. 

Choose a finite extension L of Q; in Q; with integers O and residue field F such 
that 

• L contains the image of each embedding F3 ^ Q;; 

• for V Cz S the component Cy is defined over L; 

• r and V' are defined over F; 

• and fi is defined over L. 

For V € S with w/^ let Vy denote the deformation problem for f corresponding 
to Cv For V G S with let consist of all lifts of r\Gp^ which factor through 

S^iF/F+,S, S,0,r,fi,{V4,es). 

For u G T with uj(l let 2?3,ii consist of all lifts of rslop^ ^- For u G T with u\l 
let I?3 „ consist of all lifts of FsIge. which factor through i?^ - , rr, 1 j, 
where 

H3,T = {/i + : h e Hr,} U {h + br^ : he Hr^}, 
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and n and T2 denote the two embeddings of ^ Q; lying above t\p+. Set 

S3 = (F3/i^3+,T,r,0,r3,e^'",{2?3,u}neT). 

According to Theorem l2. 3.21 the ring i?^"'^ is a finitely generated O-module. Hence 
by Lemma ri.2.2l thc ring i?™'^ is also a finitely generated O-module. On the other 
hand by Proposition 11.5.11 i?^'"'^ has KruU dimension at least 1 and so there is a 
continuous ring homomorphism i?^'"^ — >■ Qj. The push forward of the universal 
deformation of r by this homomorphism is our desired lift r. □ 

3.3. Potential ordinary automorphy. 

In this section we improve Theorem 13.1.21 to show that a suitable mod / repre- 
sentation is potentiahy ordinarilly automorphic with prescribed "weight and level" . 
The proof will combine Theorem 13.1.21 and Proposition 13.2.11 We will improve 
further on this result in CoroUarv 14.5.31 

Proposition 3.3.1. Suppose that we are in the following situation. 

(a) Let F/Ff) be a finite, Galois extension of CM fields, and let F^ and F^ 
denote their maximal totally real subfields. Choose a complex conjugation 
c e Gf+- 

(b) Let I be a finite set. 

(c) For each i £ T let Ui be a positive integer and li be an odd rational prime 
with ^ F. Also choose : Qj. C for each i El. 

(d) For each i (£ I let fXi : Gp+ ^ Q^. be a continuous, totally odd, de Rham 
character. Then there is a Wi € Ij such that for each r : F^ ^ Q; . we have 
WTrit^t) = {wj. _ 

(e) For each i £ I let Ti : Gp C!Ln-{¥i.) be an irreducible continuous rep- 
resentation such that (rij/Ii) is totally odd, essentially conjugate self-dual. 
Let di denote the maximal dimension of an irreducible sub-representation 
of the restriction ofTi to the subgroup of Gf generated by all Sylow pro-U- 
subgroups. Suppose that rijcj^^^^ j is irreducible and that li > 2{di -\- 1). 

(f) For each i G I and each t : F ^ Q;. let Hi^r be a set of Ui distinct integers 
such that Hi^roc — {wi — h : h £ Hi r}. 

(g) Let S denote a finite Gal (F/F^) -invariant set of primes of F including all 
those dividing Yii h cind all those at which some Ti ramifies. 

(h) for each i £ X and v £ S with v fii let pi^v : Gf^ ^ ^-^ni(^Q, ) denote a 
lift of Tile p^, such that p^^^ = A*i|gf„P,>- 

(i) Let i^(avoid) ^ finite Galois extension. 

Then we can find a finite CM extension F' / F and for each i £ T a RAECSDC 
automorphic representation {TTi,Xi) of GLmi^p') such that 

(1) F'/Fo is Galois, 

(2) F' is linearly disjoint from ^(avoid) q^^j- p ^ 

(3) n,,zi(7r^) = ri\Gp,; 

(4) ^,,^,(X^)et~"' = M^|G(^,)+; 

(5) TTi is unramified above li and outside S ; 

(6) TTi is li-ordinary; 

(7) ifT-.F'^Qi^ t/ienHT,(rz.,,,(7r,)) 
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(8) ifuj(li is a prime of F' lying above an element v G S then ri.^t.{Tri)\Gp, ~ 

Proof. Note that (T^iiPilcF) extends to a continuous homomorphisni r^ : Gp+ — >■ 
Gmi^ii) with voTi =JIi (see section [TTT|) . 

Choose a finite totaUy real extension / so that 

• F+/F+ is Galois; 

• F+ is linearly disjoint from f'^'''"''''(Cj-[^,JF(^™'^) over F+; 

• all places of Fi — FF^ above S are split over F^ ; 

• and for all z G I and all places u\li of Fi the restriction rilcj-^ admits 
a lift pi^u '■ Gpi^ G-^niiOq^ ) which is ordinary and crystalline with 
Hodge- Tate numbers for each r : Fi^u ^ Q/. 

(This is possible by Proposition 13.1.1] applied with T — SpecF+.) Replacing F 
by Fi (and ^^^^(avoid)-^ reduce the theorem to the special case 

that all elements of S are split over F"*" and that for all i G I and all places u\li of 
F the restriction t^iIgf,, admits a lift „ : Gp^ — > GLmiO-^^ ) which is ordinary 

and crystalline with Hodge- Tate numbers Hi^r for each t : Fu ^ Qi- (Note that if 
F'/Fi is finite and linearly disjoint from F^'^™'^^Fi over Fi and if F'/Fq is Galois, 
then F'/F is linearly disjoint from i^(avoid) ^^^^^ p -^ 

In this case, using Proposition l3.2.11 we see that for each i e X there is a lift 

n : Gp+ — > Gn,{0^^ ) 

of fi such that 

• jy o Tj = 

• if u\li is a place of F then filcp^ is ordinary and crystalline with Hodge- Tate 
numbers Hi r for each t : F^ ^ Q/ . ; 

• ii V G S and vj(li then r^ijcp^ ^ Pi,v', 

• r; is unramified outside S. 

(Note that if we write S = SY[cS then we only need check the penultimate assertion 
for V G S and it will follow also for v G cS.) 

Choose a place Vq of F which is split over and which lies above a rational 
prime q, which in turn does not lie under any prime in S. Also choose characters 
ipi : Gp Q^. for i Gl such that 

• ipi is unramified at places in S which do not divide If, 

• ipi is crystalline at all places above If, 

• if HT^(i/'j) = {bi r} then \bi r-bi rod > \h~h'\ for all h G Hr and h' G Hroc] 

I I c l — 2ni —1 1 

• V^Vf = £l, Mi \Gp- 

(See Lemma 4.1.6 of |CHT08| .'l Consider I{fi (^i,e]~^"'-p-^SF/F+)) ■ Gf+ ^ 
GSp2ni{^ii), which has multiplier e\~'^^\ As in the proof of Proposition 13 . 2 . Il we 
see that liTi ® {'tpi,e]~'^"'^'p~^ dp/ F+))iG f+ {Ci ■)) is adequate. 

Theorem 13.1.21 tells us that there is a finite totally real field extension F^ / F^ 
and RAESDC automorphic representations {■Ki^i, 1) of GL^mi^p:^) ^^^^ that 

• FiIFq is Galois; 
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. F+ is linearly disjoint from F^''^-^(^'®('^.4"">r^^./.+ ))(^j_j^^jj^(avoid) 
over F+; 

• n,,»,(7ri,i) = I{ri (g) {ip^,el~^'''-p:r'^SF/F+))\G^+; 

• TTi i has weight 0; 

• and if v\li is a prime of , then 7ri^i^„ is Steinberg. 

Let Fi be a totally imaginary quadratic extension of F^ which is linearly dis- 

joint from F ' ^ '^i (Cn, zj^^ ' over F+. Note that 

7i'i,i.-Fi has weight and is Steinberg above Z^, and hence is z^-ordinary. By The- 
orem 12.3.11 we conclude that for each i G I there is an i^-ordinary RAECSDC 
automorphic representation (7r2,i, 1) of GL2nii^Fi) of level prime to h such that 
ni,j.(7r2,i) = lin (8) {ipi,el~^'^' h~'^6p/p+))\gp^- Hence (by Lemma 5.1.6 of |Ger09| 
and Lemma 1.5 of |BLGHT09] ) there is an Zj-ordinary RAESDC automorphic rep- 
resentation (TTs^ijl) of GL2ni{^p+) of level prime to U such that ni,ii(7r3,i) = 

Let F' = FF+. By Lemma [^TTTTl we see that for each i e I there is a RAECSDC 
representation (7r^,Xi) of GL„. (A^?/) of level prime to k with ri.^t.{TT'^) = (r^ ® 
'0i)|Gp/- The theorem follows (using local-global compatibility). □ 
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4. The main theorems. 
4.1. A preliminary automorphy lifting result. 

The proof of the next proposition is our main innovation. The last two parts of 
assumption ([5]) are rather restrictive and mean that the proposition is not directly 
terribly useful. However in the next section we will see how we can combine this 
result with Theorem 12.3.11 to get a genuinely useful result. Our main tool will be 
Harris' tensor product trick (see |Har09| and jBLGHTOQp . 

Proposition 4.1.1. Let F be an imaginary CM field with maximal totally real 
subfield F'^ and let c denote the non-trivial element of Gal (F/F^). Suppose that I 
is an odd prime and let n G Z>i. Let 

r-.Gp^ GL„(Q,) 

be a continuous irreducible representation and let r denote the semi- simplification 
of the reduction of r. Let d denote the maximal dimension of an irreducible sub- 
representation of the restriction of r to the closed subgroup of Gp generated by all 
Sylow pro-l-subgroups. Also let 

be a continuous character. Suppose that r and fi enjoy the following properties: 

(1) r" ^ r^^. 

(2) r ramifies at only finitely many primes. 

(3) rlcp^ potentially diagonalizable (and so in particular potentially crys- 
talline) for all v\l, and for each embedding t : F ^ Qi it has n distinct 
T-Hodge-Tate numbers. 

(4) The restriction r\Gp^^^^ is irreducible and I > 2{d -\- 1). 

(5) There is a RAECSDC automorphic representation (tt, x) of GLn{Kp) such 
that 

(r^Jl) - (n.(7r),n,(x)6^") 

and 

• TT has level potentially prime to I; 

• n,i(7r)|Gi? is potentially diagonalizable for all v\l; 

• for allT : F the set {h + h' : he HT^(r), h' e HT^(r;,j(7r))} 
has distinct elements; 

• ifvj(l then ri^i{TT)\Gp^ ~ r|Gj.„ . 

Then {r, fi) is automorphic of level potentially prime to I. 

Proof Note that zWD(r/,,(7r)|G^„ )^""" = rec(7r^,| for aU vj(l. Moreover as 

TTy is generic we have ri^i{'iT)\Gp^ ^Igf„ fo'^ "^fi- 

Using Lemma 1.4 of jBLGHT^O] (base change) it is enough to prove the theorem 

after replacing F by a soluble CM extension which is linearly disjoint from F ^ (Ci) 
over F. Thus we may suppose that 

• F/ F~^ is unramified at all finite primes; 

• all primes dividing I and all primes at which tt or r ramify are split over 

• if u is a place of F above a rational prime which equals I or above which tt 
ramifies, then r\Gp is trivial; 
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• if u is a place of F above I then J'Igfu ^-nd ri,t{Tr)\Gi,^ are diagonalizable, 
and TTti is unramified. 

For each prime v of F'^ which sphts in choose once and for all a prime u of F 
above v. 

For u a prime of F above I suppose that 

^|g.„ ~ ^i"^ © ■ • • ® 

and 

for crystalline characters ip^'^'' and 0^"^ : Gp^, — ■ We can, and shall, assume 

that the characters -ipi"^ and 0,-"^ satisfy ^i'^"\ipi"^y = mIgf^„ and 4'^f^\'Pi^^T = 
(n,,(x)e,^-")|G.„,. For r : F„ write RTr{4"'>) = {KJ and HT,(0(")) = 

{/it i}. There are integers w and w' such that for each t : Q; we have 

HT^(^) = {u;'} and HT^(r,,,(x)) = {w + l-n}. Then 

and 

for all T and i. 

Choose a CM extension M /F such that 

• M/F is cychc of degree n; 

• M is linearly disjoint from F °^''{Ci) over F; 

• and all primes of F above I or at which tt ramifies split completely in M. 
Choose a prime Uq of F above a rational prime q such that 

m q ^ I and q splits completely in M; 

• r, /i, TT and x are unramified above q. 

1{ v\ql is a prime of F we label the primes of AI above v as wm,i, • ■ • , "^m,™ so that 
{cv)M,i — c{vM,i)- Choose continuous characters 

0,0' -.Gm^Q^ 

such that 

• the reductions 9 and are equal; 

• 00"^ = n,,(x)e,i-" and = 

• and 0' are de Rham; 

• if r : M Qi lies above a place WMi|^ of M then HTr(6') = {/ir|F i} and 
HT.(^') = {Z^;,^ J; 

• and 0' are unramified at Uq^M,i for i > 1, but q divides ^0{Im^ ) and 

(Use Lemma 4.1.6 of |CHT08) twice.) Note that if u\l is a place of F and if KjF^ is 
a finite extension over which and 6*' become crystalline and Q — become trivial, 
then 

(Indg-0)|G,, ~4"^|GK.©---©0i"^lGK 

and 

(Indg-0')lGK-V4"^lGK©---©^i"^lGK- 
Now let F\ jF be a solvable CM extension such that 
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• ^|gj7jm 0'\gp-^^m unramified away from I and crystalline at all primes 
above l; 

• ^Igfjaj is trivial at all primes above l; 

• Fi is linearly disjoint from F^^''^'^'^^'^^ ^'^'^^ M{(li) over F; 

• MFi/Fi is unramified at all finite places. 

Note that M Fi /Fi is split completely above all places of F at which tt is ramified. 
Put 

(r$5(Indg-0))|G,^, 

R' (r,,,W®(Indg-0'))lG.,. 
Note that we have the following facts. 

• i? = i!'. 

. (i?'r = (i?')^(Mn,(xK^-")|G.,. 

• i? is irreducible and R\gp^^c. ) adequate. 

[As r\GMiCi) irreducible, we see that the restriction to Gm(<:;i) '^^ 
constituent of (r(8)IndQ^^0)|G^j^^j is a sum of r|G^f(^j) 6*^10^(5^) as r runs over 
some subset of Gal(M/F). Looking at ramification above Ug we see that 
the ^|gm«,)^^Igm«,) permuted transitively by Gal(M/F) and hence 
(r(8)IndQ^^6')|Gf(c,) is irreducible. By the choice of Fi, we see that R\Gp^^(^■j 
is irreducible. By the argument of the second paragraph of the proof of 
Theorem 9 of [GHTTIO] we see that l/(n and hence every Sylow pro-Z sub- 
group of Gp'(^,) is a subgroup of Gm(Ci)- By Proposition l2.1.2[ we see that 
-R|Gfj(^j) is adequate.] 

• {R' , ijri,i{x)£l~"Sp_^^p+) is automorphic of level prime to /, say 

(i?',Mn,(x)e^"5^^/^+) - (n.,(^i),r,,(xi)ei-"'). 

Moreover tti only ramifies at places of Fi where iTp-^ is ramified, (tti is 
constructed as the automorphic induction of ttfiM <8i {4>'\ |"("^^)/^ o det) 
to Fi, where = O'Ig^^m- Note that if cr e Gal (i^iAf/Fi) then 

rMlcp.Md'lhp.M ^ ri^^i^)\Gp^,,e'\Gp,M: so that (ttf.m ® (</>' o det))- ^ 
T^FiM <8) {4>' o det) and tti is cuspidal.) 

• For all places u\l of Fi, 

R\gp, - (^i"'"^©---®V'i"'"^)|G., ®(0l"l^^©---©<^l"l"^)|G., 

• For all places u \ I oi Fi we have R'Igf^ ^ ^Gf^ ■ [Because we know that 
n..(^fJ|G.,,„ - r|G,^ „ and (Ind ^')iG.,,„ - (Ind 0)|g,,,„ , the latter 
because they are both unramified.] 

We now apply Theorem 12.2. 11 with 

• F the present Fi, 

• Z as in the present setting, 

• n the present n^, 

• r the present R, 

• fi the present firi^^{x)^]^'^Sp^^p+, 
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• (tTjx) the present (7ri,xi). 
We conclude that R is automorphic of level prime to I. By Lemma 12.1.11 r\cp^ 
is automorphic of level prime to I. Finally by Lemma 1.4 of |BLGHT09] . r is 
automorphic (of level prime to ^). □ 

4.2. Automorphy lifting: the potentially diagonal case. 

In this section we will prove our main automorphy lifting theorem. It generalizes 
Theorem 12.3.11 from the ordinary case to the potentially diagonalizable case. It is 
proved by combining Theorem 12.3.11 and Propositions 13.2.11 and 14.1.11 

Theorem 4.2.1. Let F be an imaginary CM field with maximal totally real subfield 
F'^ and let c denote the non-trivial element o/ Gal Suppose that n e Z>i 

and that I is an odd prime. Let 

r-.Gp^ GLniQi) 

be a continuous irreducible representation and let r denote the semi- simplification 
of the reduction of r. Let d denote the maximal dimension of an irreducible sub- 
representation of the restriction of r to the closed subgroup of Gp generated by all 
Sylow pro-l-subgroups. Also let 

fi:GF+ ^ Qr 

be a continuous character. Suppose that r and fi enjoy the following properties: 

(1) r" ^ r"^^. 

(2) r ramifies at only finitely many primes. 

(3) rlop^ is potentially diagonalizable (and so in particular potentially crys- 
talline) for all v\l and for each embedding t : F ^ Qi it has n distinct 
T-Hodge-Tate numbers. 

(4) The restriction rlcp^^^-^ is irreducible, I > 2(d+ 1), and Q ^ F. 

(5) There is a RAECSDC automorphic representation (vr,x) o/GL„(Ai?) such 
that 

(r,7l)-(n,,(7r),ru(x)e^"). 
Suppose further that 

• either tt is i-ordinary, 

• or n has level potentially prime to I and n,j(''i')|GF„ potentially di- 
agonalizable for all v\l. 

Then (r, /i) is automorphic of level potentially prime to I. 

We remark that condition [3] of the theorem will be satisfied if, in particular, / is 
unramified in F and r is crystalline at all primes above Z, and HTT-(r) is contained 
in an interval of the form [orTOr + 1 — 2] for all r (the "Fontaine-Laffaille" case). 
We also remark that the reason we can not immediately apply Proposition 14.1.11 
to deduce this theorem is the last two parts of assumption [5] in Proposition 14.1.11 
(i.e. roughly speaking r and r;.i(7r) may have different level ov r ® r;.i(7r) may 
have repeated Hodge- Tate weights) . To get round this problem we use Proposition 
13.2.11 to create two ordinary intermediate lifts of r, one ri with similar behaviour 
('level') to r and one r2 with similar behaviour to ri^i{-K). We also ensure that 
ri (g) r and r2 ® n,i(7r) are Hodge- Tate regular. Theorem 12.3.11 tells us that if r2 is 
automorphic so is ri. On the other hand Proposition |4TTT] allows one to show that 
r2 is automorphic and that if ri is automorphic then so is r. 
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Proof. Using Lemma 1.4 of |BLGHT09] (base change) it is enough to prove the 
theorem after replacing _F by a soluble CM extension which is linearly disjoint from 
F "'^^{Ci) over F. Thus we may suppose that 

• F / F^ is unramified at all finite primes; 

• all primes dividing I and all primes at which tt or r ramify are split over 
F+- 

• if u is a place of F above I then Fu contains a primitive l*^ root of unity, 
and f Ig^^ and r/_j(7r)|Gj^^ are trivial. 

Let S denote the set of primes of F^ which divide I or above which r or tt ramifies. 
For each prime v (z S choose once and for all a prime v of F above v. 

Note that /i(c) — (—1) for all complex conjugations c and that we may extend 
r = r;_,(7r) to a homomorphism 

with multiplier JI. 

Choose an integer m strictly greater than \h — h'\ for all h and h' , Hodge- Tate 
numbers for r or ri,i{'K). If r : _F ^ C set 

Ht ~ {0, m, . . . , (n — l)m}. 

Note that if u\l then both '^\gf^ ^'^d n,i('''')|Gj7„ have ordinary and crystalline lifts 
1 © ef" ® • • • e with r-Hodge-Tate numbers for each r : F„ Q,. 

Applying Proposition 13.2. Tl we see that there is a continuous homomorphism 

ri : Gf^ gMi) 

lifting r and such that 

• V or\— ep~"^™CL;;^"~^^™/I where ju denotes the TeichmuUer lift of /Z; 

• if u|Z then |gfu ordinary and crystalline with Hodge- Tate numbers Fl^.^^ 
for each r : ^ Q;; 

• r\ is unramified outside S\ 

• and if V € S* and v II then rjcp^ ^ ^i|gf^ • 

Suppose we are in the first case of assumption ([5|) . Then Theorem 12.3.11 tells us 
that Tl is automorphic of level prime to I. Then Proposition 14. 1 . Il tells us that r is 
automorphic of level potentially prime to I. 

Suppose now that we are in the second case of assumption ([5]). Again applying 
Proposition 13 . 2 .11 we find a continuous homomorphism 

r2 : Gp^ QMi) 

lifting r and such that 

• vor2 — tl "^"^uji" ^■'x where X denotes the TeichmuUer lift of n .J (x); 

• if u|Z then Ig^u is ordinary and crystalline with Hodge- Tate numbers i?r| 
for each r : F„ ^ Q;; 

• 7'2 is unramified outside S; 

• and if w e S* and v then ri^t{Tr)\Gp^ ~ ^2|gf^ ■ 

Suppose that r2 — r 1^^(7:2) ■ As r2 is ordinary and 7:2 has level potentially prime 
to I we can conclude that tt2 is i-ordinary, and we are reduced to the first case of 
assumption ([5]). □ 
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4.3. Lifting Galois representations II. 

We now use the same idea that we used to prove Theorem 14.2.11 to prove a 
strengthening of Proposition 13 . 2 . Il 

Theorem 4.3.1. Let n he a positive integer and I an odd prime. Suppose that F 
is a CM field not containing Q and with maximal totally real subfield F'^ . Let S be 
a finite set of finite places of F'^ which split in F and suppose that S includes all 
places above I. For each v £ S choose a prime v of F above v. 

Let /i : Gp+ — > Q/ be a continuous, totally odd, de Rham character unramified 
outside S. Also let 

r:GF+ -^Gni^i) 

be a continuous representation unramified outside S with vor = JI andr~^Qj^(¥i) = 
Gf- Suppose that r\Qp^^^^ is irreducible. 

Let d denote the maximal dimension of an irreducible sub-representation of the 
restriction ofr to the closed subgroup of Gf generated by all Sylow pro-l- subgroups. 
Suppose that I > 2(cZ+ 1). 

For V S S, let pv : Gp^ — > GL„(C'q^) denote a lift ofrlcp^. If v\l we assume that 
Py is potentially diagonalizable and that, for all t : Fy ^ Qi, the multiset WTr{pv) 
consists of n distinct integers. 



Then there is a lift 



r:GF+^ Qn{Of 



of r such that 

(1) vor = n; 

(2) ifveS then r\Gp^ ^ Pi,; 

(3) r is unramified outside S. 

Proof. We may suppose that for v £ S with vj(l the representation py is robustly 
smooth (see Lemma ri.3.21) and hence lies on a unique component Cy of i?S ®Qi. 

If v\l is a place of then choose a finite extension Ky/Fy over which py becomes 
crystalline, and let Cy denote the unique component of (p )} k -cris*^^' 

on which py lies. Let p, denote the TeichmuUer lift of /I. Choose a positive integer 
m which is greater than one plus the difference of every two Hodge- Tate numbers 
of Py for every v\l. 

Choose a finite, soluble, Galois, CM extension Fi/F which is linearly disjoint 
from F "'^'^(0) over F such that 

• for all u lying above S we have r{GFi u) = {!}; 

• for all u\l we have G 

• p\g + is crystalline above l; 

^1 

• if with V £ S then Pv\gf-^ „ is crystalline and P-u|gfi « ~ V'l"''®' ' ■ffiV'n''* 
with each ip^"^ a crystalline character. 

If u\v\l with V £ S, then for i = l,...,n, we define V'l'^"^ ■ Gpi^^ — > by 
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By Proposition 13.3.11 there is a finite, Galois, CM extension F2/F1 linearly 
disjoint from FiF^'^'^^ {(i) over Fi and a RAECSDC automorphic representation 
{'^2,X2) of GLnlAp^) such that 

• n,,(7r2) = rlcj.^; 

• TT2 is i-ordinary and unraniified above I; 

• if T : ^2 ^ Q/, then HT^ (r;,j(7r2)) = {0, m, 2m, . . . , (n - l)m}; 

• 7r2 is unramified outside S; 

• and if vfi is in S" and if u is a prime of F2 above v then ?';,j(7r2)|GF2 ^ 
In particular if u|Hs a place of F2 then 

Choose a CM extension M / F2 such that 

• M/F2 is cyclic of degree n; 

• M is linearly disjoint from F^'"'^{(i) over F; 

• and all primes of F2 above / split completely in M. 

Choose a prime Uq of F2 above a rational prime q such that 

• I and q splits completely in M; 

• r is unramified above q. 

If t^lgZ is a prime of F2 we label the primes of M above v as wm.Ii ■ • • j vm.u so that 
{cv)M.i — c{vM.i)- Choose continuous characters 

0,6' -.Gm^Qi 

such that 

• the reductions 9 and 9 are equal; 

• 09- = n,,(x2)e'"" and 9'i9'r = fi; 

• 6* and 9' are de Rham; 

• if r : A/ Q; lies above a place VM.i\l of M then BTriO) = {{i — l)m} 
and HT,(0')=HT,|,/V^f"-l"^^); 

• and 9' are unramified at Uq^M,i for z > 1, but q divides ^9{Im^ ) and 

(Use Lemma 4.1.6 of |CHT08] twice.) 
Note the following: 

• If u\l is a place of F2 and if K/F2^u is a finite extension over which 9 and 
6*' become crystalline and 9 = 9 become trivial, then 

(Ind^^;0)|G.-l®er©---©e|^'"^'" 



and 

(Ind^^;0')|G. ~^i"'"^^|GK®---®V'^' - IG 

(lnd^^;0)^ - (lnd^^;0)v «n,,(x2)6^" and (Ind^^;^')^ = (Indclr^')^ ' 
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• The representation 

^Igp,(c,) (IndGr;^)lGp„c,) = n..(7r2)|G,,(,^, <E> (Ind c";^')|g^^,^^, 
is irreducible, and hence by Proposition 12 . 1 . 2l 

(^lG.,®(Ind^:;^))(G^,(C,)) 

is adequate. 

[As r\GM{c^) irreducible, we see that the restriction to Gm{Ci) of any 

constituent of (rjcp^ ® Ind g,^' 6I)|gf,(,,) is a sum of r|G^,«-^)6l |gm(c,) as r 
runs over some subset of Gal (M/F2). Looking at ramification above Uq we 
see that the rlcj^j^^ )^^|Gj^(^ j are permuted transitively by Gal {AI/F2) and 

hence (rjc^^ (g) Ind ^^^^ 6')|gp^(^^, is irreducible.] 

Let F3/F2 be a finite, soluble, Galois, CM extension linearly disjoint from 

— ker Ind ^ — ker r , 

F (0) over F2 such that 

• ^Igj^jm and 0'\gp^m are crystalline above I and unramified away from Z; 

• MF3/F3 is unramified everywhere. 

Then there is a RAECSDC automorphic representation (ttsjXs) of GL^^iAp^) 
such that 

• n,j(7r3) = (n^,(7r2) (gjlnd^^^eiOlcFj; 

• TTa is unramified above I and outside 5. 

[The representation is the automorphic induction of {TT2)MFa'<^{4''\ ["'■""^•'^^odet) 
to F3, where ri^i{(t)') — 0'\gp,^m- The first two properties are clear. The third 
property follows by the choice of F3 and the fact that 1^2 is unramified above I and 
outside S.] 

Let S denote the set of w as u runs over 5, let 53 denote the primes of F^ above 
S and 5*3 the primes of F^ above S. li v € S3, let v denote the element of S'3 lying 
above it. For v G S3 with v )(l (resp. v\l) let Cs^y denote the unique component 
of , ® O; (resp. , s, rrrrp 1 , w w ■ ® Q;) containing 

'•!.i('n'3)|Gp^ j_ V -F ri,j(7r3)|Gj?g J. ,{HTT{ri j(7r3)|Gp^ ^)},cris ^ ""^'^ t> 

n,i(7r3)|GF3 ^- Ghoose a finite extension L/Q; in Q; such that 

• L contains the image of each embedding F3 ^ Q; ; 

• L contains the image of and of B\ 

• Ti ^1(1x3) is defined over i; 

• each of the components Cv for v £ S and C3^v for w S S'3 is defined over L. 

Set 

in the notation of section 1.1 of this paper and section 2.1 of |GHT08] . Thus 
v o s — ?';^i(x2)e;^ For V G S (resp. v £ S3) let Vy (resp. I'3,i,) denote the 
deformation problem for r\Gp^ (resp. fi^i{Tr3)\Gp^ ^) over Ol corresponding to Cy 
(resp. C3.v)- Also let 

5 = (F/F+,5,^,OL,r,/i,{P,J) 
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and 

^3 = {F3/ , S3, S3,OL,ri47T3), firi^i{x2)el^''Sp+ /p^, {V3^y}). 
There is a natural map 

ouniv , Duniv 
^Sa ^ 

induced by r^^'^'lc + ® s\g +• [We must check that if u e S3 then r^^'^'lcp «) 
(Ind 9)\gp^ ^ G 2^3, It- Let w = u\p+ and let p^c„ denote the universal lift of 
r\Gp^ to It suffices to show that P^^cJgf^ s ® (^"'^Gm ^)Igf3 ~ € P3,«- 

For this, it suffices to show if p : Gpj; GLn{Oq ) is a lift of r\Gp^ lying on Cy, 

G G 

then p\gf^ ^ «) (Ind 6l)|Gf.3 lies on Cs.u- If u\l, then plc^g ~ (^^^^ ^OlG^g 
and (Indp2'^)lGF3 ^ ^ n,i{'^2)\GF^ ^ and hence 

p\gf^^^ ® (Ind^^;0)|Gr^ ^^ ~ (n,,(7r2) ® Ind^^;0')lGF3 ,., " ^'-('^3)|gf3,^, • 

If uj(l, note that p\gf^ ^ ^ n,i(7r2)|GF3 _ (since pv is robustly smooth, we have 
PvIgf^^^^ pIgf^^ and PvIgf^^ ?'!,i(7r2)|GF3 ^ )■ By the choice of F3 we have 
(Ind^^;0)|G,3^ ~ (I'^d^^;0')|GF3 ,. Hence 

p\GF.,^^^{lndal:e)\GF,^^ ^ (n,,(7r2)®Indc:;0')lGF3 , =n,.(7r3)|GF3, 

and we are done.] It follows from Lemma [1.2. 2 1 that this map makes i?^"'^ a finite 
i?^;;'^-module. By Theorem R'^f'' is a finite OL-niodule, and hence i?^"'^ 

is a finite OL-module. On the other hand by Proposition 11.5.11 i?^'"^ has Krull 
dimension at least 1. Hence Speci?™'^ has a Q;-point. This point gives rise to the 
desired lifting of r. □ 

4.4. Change of weight and level. 

In this section we combine Theorems 14.2.11 and 14 . 3 . 1 1 to obtain a general "change 
of weight and level" result in the potentially diagonalizable case. 

Theorem 4.4.1. Let F be an imaginary CM field with maximal totally real subfield 
Let n S Z>i be an integer, and let I > 2{n + 1) be an odd prime, such that 
Ci ^ F and all primes of F~^ above I split in F. Let S be a finite set of finite places 
of F~^ , including all places above I, such that each place in S splits in F. For each 
place V S choose a place v of F lying over v. 

Let (7r,x) be a RAECSDC automorphic representation of GLn{Ap) unramified 
outside S and such thatri^i(T:)\Gp^(^^^ is irreducible. Suppose further that 

• either tt is i-ordinary, 

• or TT has level potentially prime to I and n,i(7r)|GF„ is potentially diagonal- 
izable for all v\l. 

Let fi : Gp+ — > Q/ be a continuous, de Rham character unramified outside 
S such that JL = r; j(x)e;^ For v & S let pv : Gfj — >■ GLn{Oj^^) be a lift of 
^|gf~- If assume further that p^ is potentially diagonalizable, and that for all 
T : Fy ^ Qi, IITT(yOu) consists of n distinct integers. 

Then there is a RAECSDC automorphic representation {tt',x') of GLniAp) such 
that 
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(1) 

(2) ru{x'y^^^,; 

(3) tt' has level potentially prime to I; 

(4) tt' is unramified outside S; 

(5) for V e S we have pv ^ ri^i{TT')\Gp^ ■ 

Proof. By Theorem 14 . 3 . 1 1 there is a continuous homomorphism 

such that 

• r = r/,i(7r); 

• r is unramified outside S; 

• u o r — fi; 

• if w|Z then r\Gp^ is potentially crystalline; 

• if w € S* then rjcj^^ ^ Pv 

By Theorem 14.2.11 r is automorphic of level potentially prime to / and our present 
theorem follows (using local-global compatibility). □ 

4.5. Potential automorphy II. 

We can now turn to our main potential automorphy theorem for single ^-adic 
representations. 

Theorem 4.5.1. Suppose that we are in the following situation. 

(a) Let F/Fq be a finite, Galois extension of CM fields; and let F^ and Ff^ 
denote their maximal totally real subfields. 

(b) Let I be a finite set. 

(c) For each i T let Ui and di be positive integers and U be an odd rational 
prime such that U > 2{di + 1) and Q. ^ F. Also choose ti : Q;. ^ C for 
each i Cz T. 

(d) For each i ^ T let pn : G p+ Q;. be a continuous character. 

(e) For each i ^ I let ri : Gp — >■ GLmiQi.) be a continuous representation, 
such that di is the maximum dimension of an irreducible constituent of 
the restriction of Ti to the closed subgroup of Gp generated by all Sylow 
pro-li -subgroups. 

(f) Let i^(avoid) IP ^ -^g Galois extension. 

Suppose moreover that the following conditions are satisfied for every z G Z. 

(1) (Being unramified almost everywhere) ri is unramified at all but 
finitely many primes. 

(2) (Odd essential self-duality) pi is totally odd and {ri,pi) is essentially 
conjugate self-dual. 

(3) (Potential diagonalizability and regularity at primes above li) ri is 

potentially diagonalizable (and hence potentially crystalline) at each prime 
V of F~^ above li and for each t : F ^ Q;. the multiset HTT-(ri) contains 
Hi distinct elements. 

(4) (Irreducibility) fi|Gj?(^j ) is irreducible. 

Then we can find a finite CM extension F' / F and for each i Cz T a RAECSDC 
automorphic representation {TTi,Xi) of GLn^{Kpi) such that 
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(i) F'/Fo IS Galois, 

(ii) F' is linearly disjoint from ^(avoid) ^y^j- 

(iii) TTi is unramified above U, and 

(iv) (n.,».(7r0,n^,,,(xi)e;^f"') ^ {r.la^, , ^i^\G^^,^+)■ 

We remark that by Lemma ri.4.2l the hypothesis of potential diagonalizability will 
hold if li is unramified in , and is crystalline at all primes v\li, and HTT-(rj) is 
contained in an interval of the form [or , Or + 1 — 2] for all r (the "Fontaine-Laffaille" 
case). 

Proof. By Proposition I5XT] there is a finite CM extension F'/F and RAECSDC 
automorphic representation (7r^,Xi) oi GLn-{Api) such that 

• F'/Fo is Galois; 

• F' is linearly disjoint from F^* F(^™''^)(Cn, i.) over F; 

• n,,»,(xDet~"' = A^^lG(^,,+ ; 

• TTj' is unramified above I; 

• TTi is -ordinary. 

Then the current theorem follows from Theorem 14. 2. II □ 

We can immediately deduce a version over totally real fields. For instance we 
have the following. 

Corollary 4.5.2. Suppose F+ is a totally real field and n € Z>i. Suppose that 
I > 2(n + I) is a rational prime. 
Suppose also that 

is an continuous representation and that 

fi:GF+ ^ Qr 

is a continuous character. Let r denote the semi-simplification of the reduction of 
r. Suppose that the following conditions hold. 

(1) (Being unramified almost everywhere) r is unramified at all but finitely 
many primes. 

(2) (Odd essential self-duality) (r, /i) is totally odd, essentially conjugate 
self-dual. 

(3) (Potential diagonalizability and regularity at primes above /) r is 

potentially diagonalizable (and hence potentially crystalline) at each prime 
V of F~^ above I and for each r : F ^ Q; the multiset WTr{r) contains n 
distinct elements. 

(4) (Irreducibility) flc^+j^ j is irreducible. 

Then there is a Galois totally real extension F^''/F^ such that (rjc ^,) 
is automorphic of level prime to I. 

Proof. Choose F/ F+ a totally imaginary quadratic extension in which all the places 
lying over / split completely, and which is linearly disjoint from (^F^)^°'' ^'^'^ {Q) over 
F+. The representation r\GF satisfies the hypotheses of Theorem 14.5.11 so that 
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there is a finite Galois CM extension F' /F such that (^'Ig^, , mIg^^, + ) is automor- 
phic of level prime to /. By Lemma 1.5 of [BLGHTOO] . (rjc^^, + , /^Ig^, + ) is also 
automorphic of level prime to ^, as required. □ 

Combining Theorem 14.5.11 with Theorem 14.3.11 we get a potential modularity 
theorem for mod I Galois representations which strengthens Proposition 13 . 3.T1 

Corollary 4.5.3. Suppose that we are in the following situation. 

(a) Let F/Fq be a finite, Galois extension of CM fields, and let F^ and F^ 
denote their maximal totally real subfields. Choose a complex conjugation 
c e Gf+- 

(b) Let X be a finite set. 

(c) For each i £ I let Ui and di be positive integers and U > 2(di + 1) be an odd 
rational prime such that Q. ^ F. Also choose li : Q;. — >■ C for each i £ X. 

(d) For each i £ I let : Gp+ — )• Q;^ be a continuous, totally odd, de Rham 
character. 

(e) For each i £ I let Ti : Gp ^ C!Ln-{¥i.) be an irreducible continuous repre- 
sentation so that di is the maximal dimension of an irreducible constituent 
of the restriction ofTi to the closed subgroup ofGp generated by all Sylow 
pro-li- subgroups. Suppose also that (rijjli) is essentially conjugate self dual 
and thatri\Qp^^^ ^ is irreducible. 

(f) Let S denote a finite Gal (F/ F^) -invariant set of primes of F including all 
those dividing Y[i h o,'<^d all those at which some Ti ramifies. 

(g) for each i £l and v £ S let pi^^ : Gp^ — >■ GLmiOq^ ) denote a lift ofri\Qp^ 
such that pfcti — l'-i\GF^Piv If v\li further assume that pi^v is potentially 
diagonalizable and that for each t : F^ ^ Q;. the set WTr{pv,i) has n 
distinct elements. 

(h) Let F^''™''^) /F be a finite Galois extension. 

Then we can find a finite CM extension F' / F and for each i £ I a RAECSDC 
automorphic representation (tt^jXi) of GLn.{Apr) such that 

(1) F'/Fo is Galois, 

(2) F' is linearly disjoint from ^(avoid) gy^j- 

(3) n^,,,(7r,) = ri\G^,; 

(4) ri^MiXt)<^l^"' = M»|g,^,)+; 

(5) TTi has level potentially prime to U; 

(6) if u is a prime of F' not lying above a prime in S then ri.^^. (tt^) is unramified 
at u; 

(7) if u is a prime of F' lying above an element v £ S then ri^_^^{'Ki)\Q^, ~ 

Proof. Note that {ri,fIi\Gp) extends to a continuous homomorphism fi : Gp+ 
Gm i^ii) with ly oTi = /Ij (see section [TTT|) . As in the proof of Proposition l3.3.11 we 
may reduce to the case where all elements of S are split over F~^ . Then by Theorem 
14.3.11 we see that for each i £ X there exists a lift 

r, : Gp ^ GL„AO^^) 

of Ti such that 

• rf = r^p^lGp-, 
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• ii V e S, then Vilop^ ^ Pi,v] 

• Ti is unramified outside 5. 

The result now follows from Theorem 14 .5. II 
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5. Compatible systems. 
5.1. Compatible systems: definitions. 

Let F denote a number field. By a rank n weakly compatible system of l-adic 
representations TZoiGp defined over M we shall mean a 5-tuple 

{M,S,{Q,{X)},{rx},{Hr}) 

where 

(1) M is a number field; 

(2) S is a finite set of primes of 

(3) for each prime v ^ S oi F, Qv{X) is a monic degree n polynomial in M[X]; 

(4) for each prime A of M (with residue characteristic / say) 

rx-.Gp^ GL„(M^) 

is a continuous, semi-simple, representation such that 

• if V ^ S and v /(I is a prime of F then r\ is unramified at v and 
rA(Frob^) has characteristic polynomial Qv{X), 

• while if v\l then rxlcp^ is de Rham and in the case v ^ S crystalline; 

(5) for r : F M, Ht is a multiset of n integers such that for any M Mx 
over M wc have liTr{r\) = Hr- 

We will refer to a rank 1 weakly compatible system of representations as a weakly 
compatible system of characters. 

We make the following subsidiary definitions. 

• We define the usual linear algebra and group theoretic operations on weakly 
compatible systems by applying the corresponding operation to each r\. 
For instance 

= {M,S,{X^Q,{0)-'Q,{X-')},{rl},{-Hr}), 

where —Hr = {—h : h G Hr}. 

We will call TZ regular if for each t : F ^ M every element of Hr has 
multiplicity 1. 

We will call TZ extremely regular if it is regular and for some t : F ^ M 
the multiset has the following property: if H and H' arc subsets of Hr 
of the same cardinality and if J2heH ^ — YliheH' ^ ^^^^ H = H'. 
If F is totally real and if n = 1 then we will call TZ totally odd if for some 
place A of M wc have r\{cy) = —1 for all infinite places v of F. In this case 
this will also be true for all places A of M. 

If F is CM or totally real and if = {M,S,{X - ay},{iJ,\},{w}) is a 
weakly compatible system of characters of Gp+ then wc will call {TZ,Ai) 
essentially conjugate self-dual if for all primes A of M the pair {rx,fix) is 
essentially conjugate self-dual. 

We will call TZ totally odd, essentially conjugate self- dual if F is CM (or 
totally real) and if (perhaps after extending M) there is a weakly compatible 
system of characters M. = (M, S, {X — ay}, {/xa}, {w'}) of Gf+ such that 
for all primes A of M the pair (rx, ^ix) is totally odd, essentially self-dual. 
We will call TZ irreducible if there is a set L of rational primes of Dirichlet 
density 1 such that for A|/ e £ the representation rx is irreducible. 
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• We will call TZ strictly compatible if for each finite place v of F there is 
a Weil-Deligne representation WDt,(7?.) of Wf„ over M such that for each 
place A of M not dividing the residue characteristic of v and every A/-linear 
embedding : M Ma the push forward ^WD„(7^) = WD(rA|GpJ^"""- 

• We will call TZ pure of weight w if 

— for each v ^ S, each root a of Qy{X) in M and each i : M ^ C we 
have 

bap = 

— and for each t : F ^ M and each complex conjugation c in Gal (M/Q) 
we have 

HcT = {w - h : he Hr}. 

• We will call a 72. strictly pure of weight w if 

— TZ is strictly compatible and for each prime w of F the Weil-Deligne 
representation WD„ (TZ) is pure of weight w in the sense of |TY07| (see 
the paragraph before Lemma 1.4 of that paper); 

— and for each t : F ^ AI and each complex conjugation c in Gal (Af /Q) 
we have 

^ {w - h : he Ht}. 

• If i : Af ^ C we define the partial L-function 

L^{iTz,s) = i[{mv)r/^Qviimv)r)- 

This may or may not converge. If TZ is pure of weight w then it will converge 
to an analytic function in Re s > l+w/2. If X\l and every place of F above I 
lies in S, then L^{iTZ, s) depends only on rx so, ifT: Mx -> C extends i, we 
will sometimes write (vrx, s) instead of [iTZ, s). This makes sense even 
for rx not part of a weakly compatible system, provided that S contains all 
primes above I and all primes at which rx ramifies. 

If TZ is strictly compatible then we can define the L-function 

L{iTZ,s) = Yl L{i\MT)y{TZ),s) 

which differs from L^{iTZ,s) only by the addition of finitely many Euler 
factors. 

• Suppose that TZ is strictly compatible, pure of weight w and regular. Also 
let = Ylv i'v ■ Ap/F — > be the non-trivial additive character such that 
if V is real then ipvix) = e^'^"; if v is complex then ipvix) = e2TH^+c^^); 
while if V is p-adic then ipv{x) = ipp{tT: p^/Q,^(x)) where V'plzp = 1 and 
V>p(l/p) = e-^'^'/P. Write rK(s) = tt-'''^T{s/2) andrc(s) = 2(27r)-'T(s) = 
T^{s)V^{s + l). 

If V is an infinite place of F define L{TZ\gp^ , w, s) to be 

Tc{s — w/2)" if V is complex 

Tc{s — if V is real and n even 

Tc{s - w/2)("-i)/2rR(s - (w - 1 + {-l)'"^^{detTZ{cy)))/2) if v is real and n odd, 
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and define e{Ti\Gp^ ,w,iIjv, s) to be 

1 if is complex 

i"/^ if V is real and n even 

.(„_(_l)»/2(detTC(c„)))/2 if ^ ig ^ 

(As {dctrA} is a weakly compatible system of characters, det rA(c„) = ±1 
is independent of A. We set det7?.(c^) = detrA(c^) G {±1}- Also note that 
by purity if n is odd and v real then w is even.) 
Define 

{Ur:F^MUheHA^ ' W2)(s + 1 - w/2) . . . {s + \h - w/2\ - 1 - w/2)Y^' 
and 

(Note that by purity each factor [s + i — wj'i) occurs twice. Thus we define 
the square root to be the corresponding product of linear factors where each 
factor occurs half as often. Also note that by purity ^t-.f^Ta ^meH I™ ~ 

w/2\ ez. ) 

Finally we define the completed L-function 

A(^7^, s) = L{in, s) I J] L{n\G,^ ,w,s) \ L{{Hr}, s) 

\v\qo j 

and the epsilon factor 

eiiTl, s)= JJ e(iWD^(7e), V„, s) \ [\\ e(7e|G^, , d)\ e({ff^}, V, s). 

We remark that while the way we have chosen to phrase these definitions 
may seem slightly non-standard, the final definitions of h.(iR,, s) and e(z7?,, s) 
are the usual ones. 

• We will call automorphic if there is a regular, algebraic, cuspidal au- 
tomorphic representation tt of GL„(Af) and an embedding i : M ^ C, 
such that ii V ^ S then 7r„ is unramified and rec(7r^| det |l^~"^^^)(Frobt,) 
has characteristic polynomial i{Qy{X)). Note that in this case, for any 
embedding : M C there is a regular, algebraic, cuspidal automorphic 
representation w' of GLn{Ap), such that iiv^S then tt^ is unramified and 
rec(7r^| det |i^~"'^^^)(Frob^) has characteristic polynomial t'{QviX)). Also 
note that if TZ is totally odd, essentially conjugate self-dual then tt (and tt') 
is RAECSDC or RAESDC. 

• If F' /F is a finite extension we define TZlcp, to be the weakly compatible 
system of representations of Gp'- 

(M, S^^'\{Qir'\X)}, {r,\G,,}, {Hi^'^}), 

where 

— S'^^ ) is the set of primes of F' above S; 
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( F') 

— Qv {X) is the monic polynomial in M[X] of degree n with roots 

^[k{v):k(v\F)] j,yj^g Q^^gj. j-QQ^g Qf Q^i^(X). 

We remark that if (tt, x) is a RAECSDC or RAESDC automorphic representation 
of GLn{Ap) then {?';,i(x)} is a strictly pure compatible system of some necessarily 
even weight (because is totally real), which we will write 2{w + 1 — n) . Then 
Caraiani has proved that {n,j(7r)} is a strictly pure compatible system of weight w. 
(See [Carinj .l 

5.2. Compatible systems: lemmas. 

Lemma 5.2.1. Suppose that TZ is a weakly compatible system of l-adic represen- 
tations ofGp- Let G\ denote the Zariski closure of rx^Gp) in GLn/Mx and let 
G1 denote its connected component. Then there is a finite Galois extension F^/F 
such that for all A the map Gp ^ G\{M\) induces an isomorphism Gal [F^ / F) 
Gx/Gl. 

Proof. The proof is the same as the proof of Proposition 6.14 of |LP92j . (One must 
replace Q by Gp, and pi by rx, and Gf by G^; and Qi by Mx, and Q by M in 
section 6 of |LP92] . These arguments are due to Serre.) □ 

Proposition 5.2.2. Suppose that TZ is a regular, weakly compatible system of l- 
adic representations ofGp defined over M. If s is a sub-representation of rx then 
we will write s for the semi- simplification of the reduction of s. Also write I for 
the rational prime below X. Then there is a set of rational primes C of Dirichlet 
density 1 such that if s is an irreducible sub-representation of rx with A dividing an 
element of C thenslGp^^^f is irreducible. 

Proof. Let Gx denote the Zariski closure of rx{Gp) in GLn/Mx, and let denote 
its connected component. Let F^ be the field defined in Lemma r5.2.1l By the argu- 
ment of Proposition VII. 1.8 and Lemma 1.2.2 of |HT01| the regularity assumption 
tells us that G^ contains an element g whose characteristic polynomial has n dis- 
tinct roots. As the images of Frobenius elements at primes which split completely 
in F^/F are Zariski dense in G° we conclude that infinitely many Qy{X), for v 
splitting completely in F^ /F, have n distinct roots. Replacing M by the splitting 
field of the product Qy{X)Q^'{X) for two such v, v' with distinct residue charac- 
teristic, we may suppose that for all A the image rx{Gpi) contains an element with 
n distinct M^-rational eigenvalues. This implies that, perhaps after replacing each 
rx by a conjugate, we may suppose that rx ■ Gp — ?► GLn{OM,x) for all A. If H is 
an open subgroup of Gi^, then the Zariski closure of rx{H) contains G^ and hence 
equals the Zariski closure of rx{HGpi). Thus the irreducible sub-representations 
of rxln equal the irreducible sub- representations of rx\HG i- Further we see that 
these irreducible sub-representations are all defined over Mx and have multiplicity 
1 in r^. Again extending M if need be, we may also suppose that M/Q is Galois. 
For a rational prime I define 

ri^ei(B^rx:Gp GLi+„[M:Q] (Q;)- 



We will introduce the following notations and observations. 
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Let Gi denote the Zariski closure of the image of r/. Write Vi for the Gi- 
module q|+"[^^''21 , The image F/ of Gp in Gi{Qi) is open and compact. 
(See [Bog80| .) The representations e/ and r\ for can also be thought of 
as representations of Gi . 

Let G° denote the connected component of Gi (a reductive group over Qi) 
and write r° for n ^^(Q; ). The n F° = 7^kor(GF^r,/r?) jj^^gpg^^jg^^^ g,f 
I. (See Proposition 6.14 of |LP92j .) 

Let Gf^ (resp. Gf") denote the adjoint (derived) group of G°. 
Let Zi denote the connected centre of G^ and let C; denote G^ /Gf'^^ . Note 
that £; factors through C;. Write and Zl for the kernel of e/ on C/ and 
Zi . We have exact sequences 

(0) ^ -^CiA G,„ ^ (0) 

and 

(0) ^ ^ 4 G„ (0). 

Again by |Bog80| we know that the image of Gpo in Gi{Q_i) is open, and 
as Ci is abelian we conclude that the image of the product of the inertia 
groups at the primes of above / is open in Ci(Q;). 

Let G^^ denote the simply connected cover of Gf^ , so that we have sur- 
jective maps with finite central kernels Gf ^ — > Gf''' — ^ G^'^ . There is 
an integer A € Z>o such that #ker(Gf^ for all I. (Because 

dimGf*-^ is bounded independently of I, e.g. by (1 + n[M : Q])^.) 
Set Hi = Gf^ X Zl and Hi = Gf^ x Z/. Then there is a surjective 
map Hi G° with central kernel of order dividing A. (The kernel equals 
ker(Gf^ Gf).) Then the cokernel of the map Hi{Qi) G'^iQi) is an 
abelian group of exponent dividing A. 

Let Ti denote a maximal torus in G^ which we assume to be chosen unrami- 
fied whenever Gj* is unramified. Let Tf^ = Ti/Zi and T^^^"' = ker(Ti Gif 
and T^'^ the connected preimage of Tf^^ in Gf^ and T;^ = Tp'^ x Zi. We 
have natural embeddings X*{Ti) ^ X*{Ti") and X*{Gi) ^ X*{Zi), both 
with cokernel killed by A. 

Let A C X*{T{"^) C X*{Ti) denote a basis for the root system of Gi. If 
/i S X*{Zi) is a weight of V; then we can find .5 S Z for (5 G A such that 
((IM) SaeA ^t^.s^^ m) is a weight of T^^ on VJ. Moreover the m^^^s can be 
bounded independently of L (The bound will depend only on l + n[M : Q].) 
If v\l is a prime of F'^ then there is an element vwt,v € ^*(21) such that 
for any algebraic representation p of G^ defined over Q;, the Hodge- Tate 
numbers of p o ri\o^g are the {p,vwT,v), where /i runs over the weights of 
p in X*(T;). (See section 1.2 of |Win86| .) We see that for p € X*{Ti) a 
weight of on Vi that (/x, j^ht.d) is bounded independently of / (and p and 
v). We deduce that if e X*(r;) is a root of G; then (/z, i/ht.^) is bounded 
independently of I (and and v). Finally if /i € X*{Zi) is a weight of on 
Vi then e X*(G) C X*{Zi) and thinking of Ap e X*(G) C X*(Ti) we 
see that {Ap, i^ht,«) is bounded independently of / (and p and v). (Because 
Ap = Ap' — X^seA ''^fj-.s^ where p' is a weight of Ti on V; and the m^, ,5 are 
bounded independent of I (and /it).) 
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• Let S denote the restriction of scalars from Opo to Z, of Gm and set Si = 
S X Qi. Also let denote the kernel of the norm map S — > G„i and 
set Si = S^ X Qi. Note that X*{Si) has a natural basis Hom(F°,Q,) 
the set of field homomorphisms from to Q/ . There is a homomorphism 
6*/ : 5/ — >■ Ci such that the restriction of 9i to some open subgroup of S{Zi) 
equals the composite of r; with the Artin map. (See sections III. 1.2 and 
III. 2.1 of |Ser68| .) If r; is crystalline then this equality holds on all of S{Zi). 
(Use the same argument as in sections III. 1.2 and II. 2.1 of [ Ser68| . but 
replace the appeal to the Theorem of section III. 1.2 of |Ser68] by an appeal 
to Proposition 6.3 of |CCO09| .) Moreover 9i maps Si surjectively to C/ 
(because 6';S'(Z;) is open in Ci(Q/)) and hence 9i also maps Sf surjectively 
to C/. li fi e X*{Ci) and : F° Q; then the a Hodge- Tate number 
of fio ri equals the negative of the coefficient of a when fio 9i £ X*{Si) is 
expressed in terms of the basis Hom (F°, Q;). In particular if S X*{Zi) 
is a weight of Zi on Vi then {A^) o 9i = ritTGHom (fo,Q,) o-™"'", where m^^^ 
is bounded independently of I (and /x), say by a constant B. 

• If is unramified let Zi , Zl , Ci and G/ denote the tori over Z; with generic 
fibres Zl, Zl Ci and G/. Then Z^Z,) (resp. ^/(ZO, QiZi), Cl{1i)) is 
the unique maximal compact subgroup of Zi{Qi) (resp. Z;^((Q);), G;(Q;), 
G/(Q;)). In particular the image of in G;(Q;) is contained in G;(Z;). 
Also the preimage of Ci{'Li) in Zi{Qi) is Zi{Zi). 

According to |Lar95| there is a set £ of rational primes of Dirichlet density 1 
with the following properties. 

• If / G £ then / is unramified in M and in F'^, and TZ is unramified above 
I (i.e. no prime of F above I lies in the finite set S-jz of bad primes). In 
particular if Z G £ then r; is crystalline. 

• If Z G £ then 1>AB + A. 

• If Z G £ then G° is unramified. (See Section 3.15 of |Lar95| .) 

• If / G £ then there is a semi-simple group scheme Gf^/Z; with generic fibre 
Gf^ such that the pre-image in Gf^(Qi) of the image in Gf^ {Qi) of Gpo 
equals Gf ^(Zi).^(See Theorem 3.17 of |Lar95j .) 

• If / G £ then Gf*^(Z;) is a perfect group. (Combine Proposition 2.6 of 
|Lar95| with the fact that for Z > 3 the group Gf^(F;) is perfect (see for 
instance section 1.2 of [Lar95]).) 

• If Z G £, if X\l is a prime of M, and if si is an irreducible constituent of 
ri thought of as a representation of Gf^^ then si can be defined over AI\ 
and extends to a representation si of Gf^ over Cm, a- Moreover, writing 
si for the reduction of si , then si is a standard irreducible representation 
of Gf^ X fc(A). (See sections (1.12) and (1.13) of }Lar95j . where the term 
'standard' is also defined.) 

From now on we restrict to I e C. Set Hi ^ Gf^ x Zi and Hi = Gp^ x Zl. We 
have the equality 

{T°Zi{Zi))nlm{Hi{Qi) ^ G^{Qi))=lm{Hi{Zi) ^ GHQi)). 

[If g G Gf'-'(Z;) then we can write g = 72 in G;(Q;), where 7 G and z e Zi{Qi). 
We see that the image of z in Ci{Qi) lies in Ci{Zi) and hence z G Zi{Zi). Thus the 
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image of i/i(Z/) mG^{Qi) is contained in rOZ/(Z/). Thus the pre-image of r['Z;(Zi) 
in Hi{Qi) is a compact subgroup containing Hi(7ji), which is maximal compact in 
Hi{Qi), and so in fact the pre-image equals Hi{Zi). The desired equality follows.] 
Thus 

n lm{Hi{Zi) ^ G?(QO) = ker(r° -> {G'}{Qi)/lm{Hi{Qi) ^ G?(QO)))- 

Call this group . We see that is an open normal subgroup of r° and that 
r°/r^° is an abelian group of exponent dividing A. As Gf^(Z/) is perfect the pre- 
image of r™ in Hi{Qi) is of the form Gf^(Z;) x Ff , where Ff is an open subgroup 
of ZiiZi). Also let Fp denote the image of in G; (Q; ) . The cokernel of the map 
Ff Fp (which equals the cokernel of the map F°° Fp) is killed by A. Set 
Ff'^ = Ff n Z/(Q,) and Fp'^ = Fp n C^iQi), so that Ff'^ is the pre-image of Fp 
under Ff -> Fp. Again the cokernel of Ff'^ Fp'^ is killed by A. 

As Gi acts by conjugation on G^ it also acts on Zi, Zi, Gi, Ci, Gf^ , Gf''\ Gf^ 
and Hi. As e; is a character of G; the conjugation action of G; also preserves 
Zj^, Zl, Cl and G/. In particular F^° is normal in F/. If 7 G F/ then we see 
that {■^Hi){Zi) = Hi{Zi) (both being the preimage of Zi{Zi)r° in Hi{Qi)), so that 
'•'-ff/ — Hi. [Being a hyperspecial maximal compact Hi(Zi) fixes a unique point x 
in the reduced building B oi Hi. Thus 7X = x. Thus CHi){Zir) = Hi{Zi.) for all 
r > 1 (as they are both equal to the stabilizer of x in 7J;(Q/r). This implies that 
''Hi — Hi, because the affine ring of each is the space of functions in Q;[-ff;] which 
take integer values on _ff/(Z;r) = Hi){Zit) for all r. We thank Jiu-Kang Yu for 
supplying us with this argument.] We conclude that Hi and Hi also have actions 
of F; compatible with the actions on Hi and Hi . 

Now let Si and S2 denote two irreducible sub-representations of taIgj^o "^Qi '^i- 
This is the same thing as being irreducible G°-submodules of Vi (8)q, Q/, or even 
_ff/-submodules. We see that si and S2 can be defined over M\. Suppose that 
silgscfz wp^'i — ^2|(5sc/z wp^'i' ^^'^'^ — ('^2 ® ^i)\hi for some a e Z. [From 

silgsc^Fj) — 52|gsc(jrj) we deduce that si = S2 (see for instance the first paragraph 
of section (1.13) of |Lar95| ]) and hence that siIqsc = S2|gsc (see for instance the 
last paragraph of section (1.12) of |Lar95| and recall that the Si are standard). 
Write /ii = Si|z, G X*{Zi) and let /J^ denote its reduction modulo /. Then nfo9i — 
no-GHom(Fo,Q,) f^™'"" where m,,^- G Z and \mi^cr\ < B. As TIilpz.i = /i2lrf.i ^e have 
/I^lpCi = M^lpC.i and thus for some b with (1 — l)/2 < b < {I — l)/2 we have 

Mi^ |pp = (^z'M^)lpp- As fii and are crystalline (as characters of G^t-o) we deduce 
that 

-Q ^i,„-m2.„ = Yi a'' 

o-eHom (Fo,Q;") (TGHom (Fo,Q|") 

on {Opo /l)^ . If w|Z is a prime of choose an embedding ay : F'^ ^ QJ"' above 
V. Then the embeddings of F° into Qf are Frob; o (t.„ for i = 0, . . . , /„ — 1 with 
/„ = [fc(w) :F,]. Then 

(™l,Frobjoa„ - '7l2,Frob-o<Tj^' = W^^' - " 1) mod (l^^ - 1). 

i=0 
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As (1 — 0/2 < ™i,cr — m2,a < {I — l)/2 for all a, both sides lie in the range 
((l-;-^")/2,(/-^"-l)/2) and so 

fv-i 

X! (™l,Frobjoa„ - "l2,Frob'o<Tj^' = Hl^^ ~ " !)■ 

i=0 

Then we see that mi^p,.^\^o^„^ — m2^F^o\^0a„^ = b mod I and again using the bounds 
on both sides we conclude that Wi_pi.obOo(T„ ~ ™2,Frob5'o(T„ — Subtracting these 
terms, dividing by I and arguing recursively we see that 

'^l,Frobjocr„ ~ "l2,Frob* oct„ = ^ 

for all i. Thus 

fit o 01^ {f4 o 0i) (g) e\ 

so that — /i^ef on C/ and jii — ^2 on Z/. The claim follows.] 

We can think of s in the statement of the Proposition as a representation of 
Hi X Ti. (The restriction of this representation to Gf^(Z;) x Ff C Hi{Qi) equals 
the composite of projection to with the restriction of the representation to 
r™ C Ti.) As in section 1.12 of |Lar95| we see that there is a Oqi" -lattice A in 
s(E)Mx which is invariant under Hi{Oqn') (and hence also under F^"). Replacing 
A by the sum of its r//r^°-translates we may assume that A is also invariant 
under F/. Again as in section 1.12 of |Lar95| we see that s|_ff, ^r, extends to a 
homomorphism s : {Hi x^, Om,\) x F; — > GL^ x Om,\- (Here d = dims.) 

Now let So denote an irreducible F°-submodule of s and let F,^ denote the set of 
7 in F/ with Sq = sq, or what comes to the same thing (by regularity) s^ = Sq C s. 
Then sq extends to a representation of T\ and s ^ IndpisQ. We may also think of 

So as a representation of G°, or of Hi, and T\ is the set of 7 € F/ with Sq = sq as a 
representations of Hi. We obtain an integral model for sq by taking sq H Of^^. As 
I is unramified in F° we see that [F/ : Fj^] = [kere;|r, : kerejjpi] and so 

-I ^ T J kcr?, |r, _ 

' I 

We have seen that so|(3sc(2j)xr^'^ irreducible. If 7 e F; and so|(3sc(2,)xr^'^ ~ 
~sc/ z 1 then Sq ^ sqe? as representations of Hi for some a. However as 7 
has finite order in F/ /T^ we conclude that we must have a = and so 7 G F,^ . Thus 

-I ~ T J kcr£i|r, _ 

s|g^„,, =Indi,„.-|^^^so 

is irreducible as desired. □ 

Lemma 5.2.3. Suppose that F is a CM (or totally real) field; that TZ is a pure, 
extremely regular, weakly compatible system ofl-adic representations ofGp defined 
over M ; and that Ai is a weakly compatible system of characters ofGp+ defined over 
M such that (TZ,A4) is essentially conjugate self-dual. If F' / F is a finite extension 
and if s is a sub-representation ofrxlcp, for some prime X of M , then there is a CM 
field F" with F C F" C F' such that s is invariant by Gf"- Moreover, the pair 
{s,fj,\) is essentially conjugate self-dual, and is totally odd, essentially conjugate 
self-dual if {rx, /ia) is. 
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Proof. Let Fi denote the normal closure of F' /F^. Let r : F ^ M be an em- 
bedding with the property that if H and H' are different subsets of Hr of the 
same cardinality then J2heH ^ ^ ^heH' ^- Choose an embedding n : Fi ^ M 
extending r. Note that TZ is pure of some weight w. 

If si and S2 are two GFi-submodules of some ry of the same dimension we see 
that si = S2 if and only if HTri(si) = HT,-i(s2) if and only if HT,-i(detsi) = 
HTti (det 52)- (The first equivalence by regularity and the second by extreme regu- 
larity. Note that in particular any irreducible submodule of ry \ gp has multiplicity 

1-) 

For a e Gal(Fi/F+) write HT^, ((det s)'") = HT^^o^-i (det s) = {h„}. As det s 
is de Rham and pure of weight wdims, we deduce that + ha-c = wdims for all 
a G Gal(Fi/F+) and all complex conjugations c € Gal(Fi/F+). Thus if c, c' G 
Ga\{Fi/F'^) are complex conjugations then ha-cc' = h^, and so s'^'^'^ = s" . Let 
H C Gal(Fi/F+) be the normal subgroup generated by all elements cc' with 
c,c' e Gal(i^i/F+) complex conjugations. Then F" = (^p^)HG^x{F^/F') -g ^-^e 
maximal CM sub- field of F' . Moreover \i a £ H then s"" = s and so s extends to a 
representation of Gp" ■ Moreover if c e Gal (Fi / F+) is a complex conjugation then 
HT^,(det(^A(sV)^)) = WYr^Met[^Jixs'^)) = {wdims - h,} = {hi}. As ^ixis''y is 
also a constituent of rx, we see that ^ jUas^ as representations of Gp". Let 
V be an infinite place of F and ( , )t, a pairing on as in the definition of 
essential conjugate self-duality for the pair {r\,iJ,\). Let A\_y £ GLn{Mx) be the 
symmetric or antisymmetric matrix corresponding to the pairing ( , )„. Then the 
isomorphism s"^ ^ jJ-xs^ arises from the restriction of the matrix Ax^v to s. The last 
sentence of the lemma follows. □ 



5.3. Potential automorphy for weakly compatible systems. 

In this section we prove a potential automorphy theorem for weakly compatible 
systems of ^-adic representations of the absolute Galois group of a CM or totally 
real field. 

Theorem 5.3.1. Suppose that F is a CM (or totally real) field and that TZ is an 
irreducible, totally odd, essentially conjugate self- dual, regular, weakly compatible 
system ofl-adic representations of Gp- Then there is a finite, CM (or totally real), 
Galois extension F' / F such that TV^Cp, is automorphic. 

Proof. The totally real case follows easily from the CM case and Lemma 1.5 of 
|BLGHT09j . so we treat only the CM case. By Propositions [2T2l and KT2\ we 
can find a set C of primes A of M with Dirichlet density 1 so that for A G £ the 
image rx{Gp(^(^^-j) C Gi„(F;) is adequate. Removing finitely many primes from C 
we may also assume that for A G £ we have that / is unramified in F and rx is 
crystalline at all primes of F above / with Hodge- Tate numbers in a range of the 
form [a,a + 1 — 2]. Our theorem now follows by applying Theorem 14 . 5 . II to rx for 
any A G £. □ 

Corollary 5.3.2. Keep the assumptions of the theorem. 

(1) If I : AI ^ C, then L^{iTZ,s) converges (uniformly absolutely on compact 
subsets) on some right half plane and has meromorphic continuation to the 
whole complex plane. 
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(2) The compatible system TZ is strictly pure. Moreover 

A(^7^, s) = e{tn, s)A(^7^'^, 1 - s). 

(3) If F is totally real, n is odd, and v\oo then tvr\{cy) = ±1 and is independent 
ofX. 

Proof. The strict purity follows from the theorem, the results of [CarlOj and the 
usual Brauer's theorem argument as in the last paragraph of the proof of Theorem 
15.4.11 The convergence and meromorphic continuation and functional equation of 
the L-function follow from the theorem and a Brauer's theorem argument as in 
Theorem 4.2 of [HSBTIO] . The last part generalizes an observation of F. Calegari 
[Cal09j . The theorem reduces the question to the automorphic case where it is the 
main result of |TaylO| . □ 

As one example of the above theorem we state the following result. 

Corollary 5.3.3. Suppose that K. is a finite set of positive integers with the property 
that the 2"^^^ partial sums of elements of JC are all distinct. For each k G K. let fk 
he an elliptic modular newform of weight A; + 1 without complex multiplication and 
let TTk be the corresponding automorphic representation o/GL2(A). Then there is 
a totally real Galois extension F/Q and a RAESDC automorphic representation H 
of GL2#n{Kp) such that for all hut finitely many primes v of F we have 



rec(n„|det|(i-2*")/2) = (g) rec(7r,,.| J det I'f ) 



KkeK 



In particular the 'multiple product' L-function L{xk<£K.'^k, s) has meromorphic con- 
tinuation to the whole complex plane. 

Proof. Let M denote the compositum of the fields of coefficients of the /fc's. Let 
A be any prime of M and let r^^x : Gq — > GL2{M\) be the A-adic representation 
associated to fk- Because fk is not CM we know that rk,\ has Zariski dense image. 
We will apply Theorem 15. 3. ll to the weakly compatible system 

(g)rfc,A. 
K 

The only assumption, which is perhaps not clear, is that this system is irreducible. 
So it only remains to check this property. 

Now let H denote the Zariski closure of (Yl/^ rk^\){Gq) in GL2{M\)^ and let H 
denote its image in PGL2{M x)^ . Note that the projection of H to each factor is 
surjective. As PGL2 is a simple algebraic group and all its automorphisms are inner, 
H must be of the form PGL2{M xf' for some set I. Moreover we can decompose 
JC = UigiA^i and the mapping H — >• PGL2{M\)^ is conjugate to the mapping 
which sends the i*'' factor of PGL2(Mxf diagonally into HiG/Ci PGL2(Mx). If for 
some i one had ^ICi > 1 then we would have rk,x — rk',x ® x for some k ^ k' in 
JCi and some character x- We can conclude that x is de Rham and then looking at 



Hodge- Tate numbers gives a contradiction. Thus we must have H = PGL2{M 

and H D SL2{M\)'^ . As the tensor product representation of SL2{Mx)'^ on M ^ 
is irreducible we conclude that 0^ rk,x is also irreducible, as desired. □ 



POTENTIAL AUTOMORPHY 



61 



The next proposition will be useful in the next section. Its proof is the same as 
the proof of Theorem 15.3.11 except that we must also appeal to Lemma 15.2.31 to 
ensure the needed conjugate self-duality. 

Proposition 5.3.4. Suppose that F is a CM (or totally real) field; that TZ is a 
pure, extremely regular, weakly compatible system of l-adic representations of Gf; 
and that M is a weakly compatible system of characters of Gp+ such that {TZ,A4) 
is totally odd, essentially conjugate self-dual. Write r\ — r\^i © • • • © f\.jx with 
each r\^a irreducible. Then there is a set of rational primes C of Dirichlet density 
1 such that if X is a prime of M lying above I e C, then there is a finite, CM ( or 
totally real), Calois extension F' / F and RAECSDC (or RAESDC) automorphic 
representations {T^onXa) of GLn^{Api) where — dinir^Q,, such that, for each 
a = the restriction r\^a\Gpi is irreducible and (n,j(7ra), e;^~"°n,j(Xct)) — 

{rx,a\Gp,,l^x\Gj„) (for some i : Ma ^ C). 

Proof. The totally real case follows easily from the CM case and Lemma 1.5 of 
[BLGH T09'. so we treat only the CM case. 

By Lemma 15.2.31 we see that for all A and a the pair {r\,a,lJ-\) is totally odd, 
essentially conjugate self-dual. By Propositions l2.1.21 and l5.2"^ we can find a set C of 
rational primes with Dirichlet density 1 so that for A|/ G C the image rx^aiGp^Q^) C 
GLn^(¥i) is adequate. Removing finitely many primes from C we may also assume 
that for G £ we also have that I is unramified in F and r\ is crystalline at all 
primes of F above I with Hodge- Tate numbers in a range of the form [a, a -\- 1 — 2]. 
Our Theorem now follows by applying Theorem l4.5.1l to {r\^a}a for any X\l e C with 
^(avoid) gqyj^} ^Ijq compositum of the p^^^^^'" for a = 1, . . . ,jx. Then rx.alcp, 
will be irreducible for a = 1, . . . ,jx, and so rx^alop, will also be irreducible. □ 

5.4. Irreducibilty results. 

We will first recall some basic group theory. If F is a number field and I is a 
rational prime we will let GG f,i denote the category of semi-simple, continuous 
representations of Gi;- on finite dimensional Q; -vector spaces which ramify at only 
finitely many primes. If U, V and W are objects of GG_F,i with U (B W = V (B W 
then U = V (because they have the same traces). We will let Rep^; denote the 
Grothendieck group of GG f,i- If V is an object of GG p i we will denote by [V] its 
class in Repp^ ;. We have the following functorialities. 

(1) The rule [t/][V^] = [[/ (8i t^] makes Rep^; a commutative ring with 1. 

(2) If cr € Gf then there is a ring homomorphism tr^ : Repp; — )■ Q; defined by 
tro-il^] = trajy. If yl G Rep^; then the function a i— )• tr^^ is a continuous 
class function Gp — > Q/. If A.B E Rep^; and trcr^ = tr^-B for all cr G Gp 
(or even for a dense set of a) then A = B. 

(3) We will write dim for tri. Then in fact dim : Rep^; — > Z and dim[V^] — 
dimQ^ V. 

(4) There is a perfect symmetric Z- valued pairing ( , on Rep defined by 

li A = '^^UilVi] with the Vi irreducible and distinct then {A, A) = 

In particular if A G Rep^ ; and dim A > and {A, A) = 1 then A = [V] for 

some irreducible object V of GG f,; ■ 
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(5) Suppose that Gi and G2 arc algebraic groups over Q; and that 9 : Gp ^ 
Gi{Qi) X G2(Qi) is a continuous homomorphism with Zariski dense image. 
Suppose also that pi and are semi-simple algebraic representations of 
over Qj. Then 

([(Pl ® P2) O 0], [(p'l ® p^) O 0])^.,; = ([pi O O 0])f,i{[P2 O 0], [p'^ O 0])f^i. 

(6) If (T e Gq then there is a ring isomorphism conj^ from Rep^; to Rep^-i^.; 
such that conjg.[y] equals the class of the representation of G„-ip on 
under which r acts by arcr~^. It preserves dimension, and takes ( , )f^i to 
( , )a-'^p^i- We have tr^conj^A = tv ^^^-lA. Also if u e Gp then conj^ is 
the identity on Rep^ ; . 

(7) If F' /F is a finite extension then the formula resp//i7'[y] = [V^Ig^/] defines a 
ring homomorphism vesp'/F '■ ^^Pf,i ~^ ^^Pf',i- Note that tv a^esp' /f-^^ = 
tr (so in particular dimreSir//irA = dim A) and that conj^ o resi?//ir = 
res^-iF'/<7-iF oconj^. 

(8) If F'/F is a finite extension there is a Z-linear map indp'/F '■ Rep^',; ~^ 
Repp. ; defined by ind^//p'[y] = [Ind^^, F]. Note the following. 

(a) tYaindF'/pA = ErGGp/G^,: rar-^eG^, tr^ar"!^- 

(b) dimindp'/pA = [F' : F]dim^. 

(c) mdpi /p{A{r:espi /pB)) = {mdpi /pA)B. 

(d) (indpi /pA,B)fj = [A.icsp' ipB)f' J. (By Probenius reciprocity.) 
(c) If F" /F is another finite extension then 

resF/,/i^oindp.//p. = ^ vad^^^-i p,),p„ /p,, o con]^ o resp, ,(^p„y p, . 

(By Mackey's formula.) 
(f) If F'/F is a finite Galois extension then there are intermediate fields 
F'/FUF with F'/Fl^ soluble; characters V» : Gal (F'/i^/) ^ C^; and 
integers rn such that 

1 = ^mindp^pl^i] 

i 

in the Grothendieck group of finite dimensional representation of the 
finite group Gal (F'/F) over C. (This is just Brauer's theorem for 
Gal (F'/F).) If t : C then applying and multiplying by any 

A G Rep J? ( we conclude that 

A = '^nimdp^/p{[i~''^4!i]resp^pA). 

i 

Writing 

Gp = J J Gp'ajjkGp^ 

k 

we see further that if 

^ = ^ nim.dp^p{[i~'^il)i]Bi) 

i 

then 

{A, A)p,i = J2i,j,k '^i^j 

((conj<.y, oresp^;.(<,,.,p.p/p^;)([j-iV'i]-BO,reS(^-i^,) 



POTENTIAL AUTOMORPHY 



63 



(9) If 5 is a finite set of primes of F including all those above I we will say that 
A e Rep^ ; is unramified outside S if we can write A — ?T.i[Vi] with each 
Vi unramified outside S. In this case, we can define, for each z : Q; C, 

i 

at least as a formal Euler product, which will converge in some right half 
plane if each Vi is pure (see the paragraph after Proposition 1.6 of |TY07j 
for the definition of 'pure'). This definition is independent of the choices 
and we have 

+ B),s) = L^{iA, s)L^{iB, s) 

and 

L^{imdF'/FA,s) = L^'{iA,s), 

where S' denotes the set of primes of F' above S. 

Our first result is not really an irreducibility result, but it uses similar methods so 
we include it here. It is a generalization of results of Dieulefait |Die02j in dimension 
2. The key ingredient is Theorem 14.5. II 

Theorem 5.4.1. Suppose that F is a CM (or totally real) field, that n is a positive 
integer and that I > 2{n + 1) is a rational prime such that C^i ^ F . Suppose also 

that fi : Gp+ — > is a continuous character and that r : Gp ^ GLn{Qi) is 
a continuous representation. Suppose moreover that the following conditions are 
satisfied. 

(1) (Being unramified almost everywhere) r is unramified at all but finitely 
many primes. 

(2) (Odd essential self-duality) {r, fi) is totally odd, essentially conjugate 
self-dual. 

(3) (Potential diagonalizability and regularity) r is potentially diagonal- 
izable (and hence potentially crystalline) at each prime v of F above I and 
for each t : F Qi the multiset WTrir) contains n distinct elements. 

(4) (Irreducibility) flc^^^^^ is irreducible. 

Then r is part of a strictly pure compatible system of l-adic representations of 
G p . 

Proof. Let G denote the Zariski closure of the image of r, let G^ denote the con- 
nected component of G and let F^ — F^ ^"^'^ By Theorem 14.5.11 (or Corol- 
lary we can find a finite Galois CM (or totally real) extension F' /F, which 

is linearly disjoint from F'^F^'^^^ over F, an isomorphism i : Q; ^ C, and a 
RAECSDC (or RAESDC) automorphic representation (7r,x) of GLn{Kpi) such 
that r/,,(7r) ^ rjc^,. Suppose that F' D F" D F with F'/F" soluble, then by 
Lemma 1.4 of [BLGHTOQj there is a RAECSDC (or RAESDC) automorphic rep- 
resentation {n^-^ \x^^ ■*) of GLn{Apii) such that ri .i{i:''^ ">) = r\Q^,,. 

Let I' be a prime and let i' : Q;/ ^ C. Note that if e Gp and if F' D 
F" D F'" D F with F'/F'" soluble then rv ^^,{'k^^"'^)\g^„ = n-,,- (tt^^")) and 
^^^'(7^(■^"))'" = n'.»'(7r('""'^")). Let G" (resp. G^^") D G') denote the Zariski 
closure of rii^^i^K) (resp. ri^^i^K'^^ ^)) and let (G')° (resp. {G'^^ -')'') denote the 
connected component of G' (resp. G^^ •*). It follows from Lemma 15.2.11 that 
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Gs\{F°F"/F") 4 G(-^"V(G(-^"))°. We deduce that G^-^"' = G' and that the 
natural map 

Gf" — > G'iQi) X Gal(F7i^") 
has Zariski dense image. If we decompose r 11^(11) into irreducibles as 

n',j'(7r) = n',i'(7r)i ® • • • © n/,,/(7r)t 
then this induces a unique decomposition 

with n/,z'(7r(-^"))Q,|G^, = n/_j/(7r)Q. (Note that by regularity the ri>y{T:)a are 
pairwise non-isomorphic, as they will have different Hodge- Tate numbers.) We 
deduce that if ct e Gf and if F' D F" D F'" D F with F'/F'" soluble then 
n',^'(^(^"'))a|G,„ =n,y(7r(^"))„ andrr,^'(7r(^"))-^rr,.'(^(""^"))a. Moreover 
if pi and p2 are representations of Gal (F'/F") over Q;/ then 

{[ri'A^^^"^U[pi], [rp.'(7r(^"))J[p2])F",/' = ([pi], [p2])i=^",/'. 

Choose intermediate fields F/, characters V'i, integers n^, and elements CTi^fe €1 Gp, 
as in item (HJ) above. Write F,jk for (cr,^feF/).Fj. Then 

H = ^ niindF//F[n,i(7r*'^*-' (g) (-04 o Art f/ o det))] 

i 

in RepFj. This motivates us to set 

= ^riiindF//F([n',j'(7r^'^*^)Q][(i')"^ o '/'i]) € RepF,;'- 

i 

Note that 

dim Ai>y^a =^nj[F/ : F] dimn/,,,/(7r)Q = dimn/,,,/(7r)a. 

i 

Also note that 

= 1. 

Thus Au a — [n'.i'.a] for some irreducible continuous representation ry y of Gp 
on a Q;/-vector space of dimension dimr;',j'(7r)Q. Set 

We see that r;_i = r and that 
iTn,y{o) = Y^n, ^ ((i')^V.(T^r-i))trrp,,,(7r(^.'))(raT-i). 

Let w' denote a prime of F' and set v = v'\f. By [CarlOj . if vj(l' then 
z'WD(n,,,,|G,J^-^^ = rec(7r,, ® | det |i^"'/') 
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is pure in the sense of |TY07| . (See the paragraph before Lemma 1.4 of that paper.) 
Hence i'WD(n/,,/ \gp^ ) is also pure. (See parts (1) and (2) of Lemma 1.4 of |TY07j .) 
Moreover if cr e Wp^ then 

tri'WD(n-,,.|GpJ(^) 
= i'tvriiy{a) 

= Ei'^iEreGp/Gp,, r<Tr-iGGp, (^f^T" ^ )i'tr r,. y (tt^^^) ) (tctt-i ) 

= Ez"»EreGp/G^,, r<Tr-iGG^, V'^ (^fTT" ^ )rec(4^\'„, , ^ J (tcJT- ^ ) . 

(Again by the main theorem of }CarlO) .) If /" is another prime with v fi," and if 
i" : Q;// ^ C then we conclude that 

i'WB{r,^,,\G,X = /'WD(n.,,.|G.J". 
As both are pure we conclude from part (4) of Lemma 1.4 of |TY07] that 

Thus the riiy form a strictly pure compatible system. □ 

If (tt, x) is a RAECSDC or RAESDC automorphic representation of GLn{Ap) 
then we have remarked at the end of section [5?T] that {n.i(7r)} is a strictly pure 
compatible system of even weig ht w. Then |x| = | l^"^"™- If tt has central char- 
acter Xtt then we see that IxttI = | j^^""^"™)/^^ and so tt (g) | det |^^"^ "^^^ has a 
unitary central character and so is unitary. If (7r',x') is a RAECSDC or RAESDC 
automorphic representation of GL,i'(Af) and if r;^i(7r') has weight 2{w' + 1 — n') 
and if 5* is a finite set of finite places of F then 

L^{n X (tt')'', s + {w~w' + n' - n)/2) 
= i^((7r| det X (V| det 1^/+^-""^^^ , s) 

is meromorphic and is holomorphic and non-zero at s = 1 unless 

TT = vr I det \p 

in which case it has a simple pole at s = 1 (see |Sha81| and |JS81j ). 

Theorem 5.4.2. Suppose that F is a CM (or totally real) field and that tt is 
a RAECSDC (or RAESDC) automorphic representation of GLn{Kp). If t: has 
extremely regular weight, then there is a set of rational primes C of Dirichlet density 
1 such that if I G C and i : Q/ — > C then ri^i{n) is irreducible. 

Proof. Let C be the set of rational primes of Dirichlet density 1 provided by Proposi- 
tion l5.3.41 applied to the compatible system {?'i,i(7r)}. Suppose / G C and ^ : Q; ^ C. 
Let 

riA'^) n,i(7r)i ® • • • ® n,i(7r)j 
be a decomposition into irreducibles. Let F' / F and tTq, for a = 1, . . . , j be as in 
Proposition 15.3.41 for {rvy{-K)} and (/,i). Let S denote the finite set of primes of 
F which divide I or above which tt ramifies or above which F' ramifies. Then 

ords=i L■^(^(7^ ® 7^^), s) ^ oiAs=i L'^{tt x tt^, .s) = -1. 

We will show that ords=i L^{i{TZ ® 7?.^), s) also equals — j, and the theorem will 
follow. 
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Suppose that we are given an intermediate field F' D F" D F with F' / F" solu- 
ble. By Lemma 1.4 (or 1.3) of jBLGHTOQj there is a RAECSDC (or RAESDC) an- 
tomorphic representation tt^ of GLn^ (Af") such that ri^t^na ) = ri,i{'K)a\Gp,, ■ 
Moreover ri,i{TT)a\Gp,, is irreducible. If ?/' : Gal(F'/i^") — > is a character then 

= ords=i L^ini^"^ X (tt^^" V x (i o o Art f"),s + (np ~ rv)/2) 

= -([n,»(7r)a|G^„]M, [riA'^)p\Gp„])F",i, 
where da.p — 1 ii a = (3 and equals otherwise, and where 6^^i = 1 if ■0 = 1 and 
equals otherwise. [Note that the tt^^ | det "^^^^ have different weights so that 
if 4^"^ I det \^p~"-'^^^ ^ TT^f I det |(i-"t')/2(^ o o Art f" o det) then 7 7'. More- 
over n_j(7r)^|G^„ = n,j(7r)^|Gj,„ -0, and so, as r;^j(7r)^|G^, is irreducible, -0 = 1- 
Similarly the ri^i{TT)^\Gp„ have different Hodge- Tate numbers, so if ^(7r)^|G^„ = 
rLi{'^)f'\Gf.„ ^ then 7 = 7'. Moreover as ri^t{n)j\Gp, is irreducible we see that 
we also have ip = 1.] Thus 

ords=i L'^{^{rl^^{^^)\Gp„ (X" n,j(7r)|^^„ (8) 0, s) 
= - {lesp,, IP [rj^j (tt)] [-0] , Td^pu /p [ri^^ {■k)])f" ,1 ■ 

Now let F/, Ui and -01 be as in part ([Sj of the list at the start of this section. 
Then 

L^{^{n<E>^Z''),s)^l[L'^{^{rl,,{^T)\Gp,<S>rl,^{^T)\l^,<E>^^,sr^ 

i 

and 

= -J2i^ii{i^i]^^^Fl/F[ri,t{Tr)],resF>/F[ri^,{'!T)])p^^i 

= ~ Ei'^j(indF//F(['0i]reSi^^/_F[n,i(7r)]), [r;,j(7r)])F,i 

= -(h,j(7r)], [r;,j(7r)])Fj 

= -j, 

as desired. □ 

Theorem 5.4.3. Suppose that F is a CM (or totally real) field and that TZ is a 
pure, totally odd, essentially conjugate self- dual, extremely regular, weakly compat- 
ible system of l-adic representations of Gp. Then we can write TZ = TZi © • • • © TZg 
where each TZi is an irreducible, odd, essentially conjugate self- dual, strictly pure 
compatible system of l-adic representations ofGp. 

Proof. Choose a set C of rational primes of Dirichlet density 1 which simultaneously 
works for Propositions 15.2.21 and 15.3.41 (The intersection of two sets of Dirichlet 
density 1 has Dirichlet density 1.) Choose \\l £ C such that I is unramified in F 
and / > 2(ri + 1) and r\ is crystalline with Hodge- Tate numbers all in an interval 
of the form [a, a -\- 1 — 2]. Decompose r\ into irreducible subrepresentations 

''A = rx,i © • • • © rx,j^- 

By Theorem 15.4.11 each r\^a is part of a strictly pure compatible system TZa- Let 
F' /F and tt^ for a = 1, . . . ,ja be as in Proposition l5.3.4l for TZ and A. Then TZa\Gp, 
is the compatible system associated to tTq. Moreover tTq, is extremely regular. By 
Theorem 15.4.21 there is a set of rational primes of Dirichlet density 1 such that 
if X'\l' e La then ra,\'\Gp, is irreducible. Thus TZa is irreducible. □ 
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